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FOREWORD 
 

 

 

It is my great pleasure to present this laboratory manual for Second year engineering 

students for the subject of Linear Algebra & Transformation. 

As a student, many of you may be wondering with some of the questions in your mind regarding 

the subject and exactly what has been tried is to answer through this manual. 

As you may be aware that MGM has already been awarded with ISO 9001:2000 certifications 

and it is our duty to technically equip our students taking the advantage of the procedural aspects 

of ISO 9001:2000 Certification. 

Faculty members are also advised that covering these aspects in the initial stage itself will greatly 

relieve them in future as much of the load will be taken care of by the enthusiasm energies of the 

students once they are conceptually clear. 

 
 
 
 
 

 
Dr. H. H. Shinde 

Principal



LABORATORY MANUAL CONTENTS 
 

 

 

This manual is intended for the Second year students of Computer Science and Engineering in 

the subject of Linear Algebra & Transformation. This manual typically contains practical/Lab 

Sessions related Linear Algebra & Transformation covering various aspects related to the subject 

to enhanced understanding. 

 

Students are advised to thoroughly go through this manual rather than only topics mentioned in 

the syllabus as practical aspects are the key to understanding and conceptual visualization of 

theoretical aspects covered in the books. 

 

Good Luck for your Enjoyable Laboratory Sessions 

 
 
 
 
 
 
 
 

Prof. V. B. Musande Mr Nitin V Tawar 

HOD, CSE Asst. Prof., CSE Dept.



MGM’s 

 

Jawaharlal Nehru Engineering College, Aurangabad 

Department of Computer Science and Engineering 
 

 

Vision of CSE Department: 
 

To develop computer engineers with necessary analytical ability and human values who can 

creatively design, implement a wide spectrum of computer systems for welfare of the society. 

 
 

Mission of the CSE Department: 
 

I. Preparing graduates to work on multidisciplinary platforms associated 

with their professional position both independently and in a team 

environment. 

II. Preparing graduates for higher education and research in Computer Science 

and Engineering enabling them to develop systems for society 

development. 

 
 

Programme Educational Objectives: Graduates will be able to 

 

I. To analyze, design and provide optimal solution for Computer 

Science and Engineering and multidisciplinary problems. 

 

II. To pursue higher studies and research by applying knowledge of 

mathematics and fundamentals of computer science. 

 

II. To exhibit professionalism, communication skills and adapt to current 

trends by engaging in lifelong learning.



Programme Outcomes (POs): Engineering Graduates will be able to: 

1. Engineering knowledge: Apply the knowledge of mathematics, science, engineering 

fundamentals, and an engineering specialization to the solution of complex engineering problems. 
 

2. Problem analysis: Identify, formulate, review research literature, and analyze complex 

engineering problems reaching substantiated conclusions using first principles of mathematics, 

natural sciences, and engineering sciences. 

 

3. Design/development of solutions: Design solutions for complex engineering problems and 

design system components or processes that meet the specified needs with appropriate consideration 

for the public health and safety, and the cultural, societal, and environmental considerations. 

 

4. Conduct investigations of complex problems: Use research-based knowledge and research 

methods including design of experiments, analysis and interpretation of data, and synthesis of the 

information to provide valid conclusions. 

 

5. Modern tool usage: Create, select, and apply appropriate techniques, resources, and modern 

engineering and IT tools including prediction and modeling to complex engineering activities with 

an understanding of the limitations. 

 

6. The engineer and society: Apply reasoning informed by the contextual knowledge to assess 

societal, health, safety, legal and cultural issues and the consequent responsibilities relevant to the 

professional engineering practice. 

 

7. Environment and sustainability: Understand the impact of the professional engineering 

solutions in societal and environmental contexts, and demonstrate the knowledge of, and need for 

sustainable development. 

 

8. Ethics: Apply ethical principles and commit to professional ethics and responsibilities and norms 

of the engineering practice. 

 

9. Individual and team work: Function effectively as an individual, and as a member or leader in 

diverse teams, and in multidisciplinary settings. 

 

10. Communication: Communicate effectively on complex engineering activities with the 

engineering community and with society at large, such as, being able to comprehend and write 

effective reports and design documentation, make effective presentations, and give and receive clear 

instructions. 

 

11. Project management and finance: Demonstrate knowledge and understanding of the 

engineering and management principles and apply these to one’s own work, as a member and leader 

in a team, to manage projects and in multidisciplinary environments. 

 

12. Life-long learning: Recognize the need for, and have the preparation and ability to engage in 

independent and life-long learning in the broadest context of technological change.



LIST OF EXPERIMENTS 
 

Course Code: BCSET2101 

Course Title: Linear Algebra & Transformation (Tutorial) 
 

 

Sr. No Name of the experiment Page No. 

1 
 

Installation of Python on Windows & Linux 
 

2 Real life Applications of linear algebra and introduction to data visualization 

& libraries in Python programming 

 

3 Applications of Linear algebra in Computer Graphics, Implementation of 2D 

image transformation using Linear algebra in Python 

 

4 Understanding linear algebra with matrices and implementing Python 

programs to solve system of complex set of linear equations of a real life 
problem 

 

5 Study applications of Eigen values & Eigen vectors and implement using 

Python, Perform PCA on a real-life data set 

 

6 Applications of Laplace Transform in real life, Finding Laplace Transform of 

basic functions using Python programming 

 

7 Find Inverse Laplace transform of functions and use Laplace Transform to 

solve differential equations using Laplace Transform 

 

8 Applications of Fourier Transform, Basic Image related operations such 

plotting in Python 

 

9 Removing noise from an image and clearing a dark image using Fourier 

Transform in Python 

 

10 Applications of Z-Transform in real life. Finding z-transform of functions 

using Python 

 



LABORATORY OUTCOMES 
 

The practical/exercises in this section are psychomotor domain Learning Outcomes (i.e. 

subcomponents of the COs), to be developed and assessed to lead to the attainment of 

the competency. 

 
LO-1: Student will able to apply concept of rank of matrix to examine consistency of 

homogeneous and non-homogeneous system of linear equations. 

LO-2: Student will able to apply concept of Laplace transform and Laplace transform of 

elementary functions. 

LO-3: Student will able to apply knowledge of Laplace transform and inverse Laplace 

transform to solve IVP. 

LO-4: Student will able to explain the concept of Fourier transform, Fourier integral & Z- 

transform



 

DOs and DON’Ts in Laboratory: 
 

 

 

1. Make an entry in the Log Book as soon as you enter the Laboratory. 

 
2. All the students should sit according to their roll numbers starting from their left to right. 

 
3. All the students are supposed to enter the terminal number in the log book. 

 
4. Do not change the terminal on which you are working. 

 
5. All the students are expected to get at least the algorithm of the program/concept to be 

implemented. 

6. Strictly follow the instructions given by the teacher/Lab Instructor. 
 
 

 
Instruction for Laboratory Teachers 

 

1. Submissions related to whatever lab work has been completed should be done during the 

next lab session. 

2. The immediate arrangements for printouts related to submission on the day of practical 

assignments. 

3. Students should be taught to take the printouts under the observation of the lab teacher. 
 

4. The promptness of submission should be encouraged by way of marking and evaluation 

patterns that will benefit the sincere students



 

 
 
 

 

Tutorial No. 1 

Aim: Installation of Python on Windows & Linux 

Theory: 
 

PYTHON INSTALLTION STEPS ON UBUNTU 

 
 

1. First of all, check whether your system belongs to 32-bit or 64-bit OS type. 

For this, you can click on System Settings 🡪 Details 🡪About or 

In Terminal window, type arch command 
 

 

 

3. Now, download the compatible Anaconda version from the following link, 

https://repo.anaconda.com/archive/ 

4. Go for Anaconda Version 3-4.2.0 for 32 bit 

https://repo.anaconda.com/archive/Anaconda3-4.2.0-Linux-x86.sh Or 

download Anaconda Version 3-4.2.0 if your system is 64 bit- 

https://repo.anaconda.com/archive/Anaconda3-4.2.0-Linux-x86_64.sh 

5. Move the downloaded file to user’s home directory
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6. Right click in the home directory and open Terminal. 

7. Type in the following command to install Python 

bash ./name of downloaded file.sh 

For example, 

bash ./Anaconda3-4.2.0-Linux-x86.sh 

8. The installer prompts “In order to continue the installation process, please review the license agreement.” Click Enter to 

view license terms. 

Press Enter. 

9. Enter “yes” after you see this line: Do you approve the license terms? [yes|no] 

 
 

10. Press enter after this line: Anaconda2 will now be installed into this location: Yes 

11. Here, it successfully completes the installation of Python. 

You can check the version of Python installed by executing the command- 

python --version 

12. Restart your system 

12. Execute command conda 

13. Execute command anaconda-navigator. 

Environment looks like as follow. 

 

 

14. Launch Jupyter Notebook 

15. To check whether all python libraries and python version are updated or not, execute command in Terminal window as- 

conda list 

16. Check conda environment list by firing a command



 

conda env list 

17. If we want to create new environment, we need to fire a command 

a. conda create –name nitin python=3.6(as latest version) 

Once you create an environment, you need to activate it to start working in it 

b.source activate nitin 

Now, you can start working with Python. 

First you need to install all the libraries required using the following command- 

c. conda install jupyter pandas matplotlib numpy 
 

 

 

18. Execute command anaconda-navigator. Launch Jupyter notebook and write your first Python script. 

 
 

PYTHON INSTALLTION STEPS ON WINDOWS 

Step 1: Select Version of Python to Install 

 
The installation procedure involves downloading the official Python .exe installer and running it on your system. 

 
Step 2: Download Python Executable Installer 

 
1. Open your web browser and navigate to the Downloads for Windows section of the official Python website. 

2. Search for your desired version of Python. 

3. Select a link to download either the Windows x86-64 executable installer or Windows x86 executable installer. 
The download is approximately 25MB.

https://www.python.org/downloads/windows/
https://www.python.org/downloads/windows/
https://www.python.org/


 

 
 

Note: If your Windows installation is a 32-bit system, you need the Windows x86 executable installer. If your Windows is 

a 64-bit version, you need to download the Windows x86-64 executable installer. There is nothing to worry about if you 

install the “wrong” version. You can uninstall one version of Python and install another. 

 
Step 3: Run Executable Installer 

 
1. Run the Python Installer once downloaded. (In this example, we have downloaded Python 3.7.3.) 

 
2. Make sure you select the Install launcher for all users and Add Python 3.7 to PATH checkboxes. 

 
3. Select Install Now – the recommended installation options. 



 



 

For all recent versions of Python, the recommended installation options include Pip and IDLE. Older versions might not 

include such additional features. 

 
4. The next dialog will prompt you to select whether to Disable path length limit. Choosing this option will allow Python 

to bypass the 260-character MAX_PATH limit. Effectively, it will enable Python to use long path names. 
 

 
The Disable path length limit option will not affect any other system settings. Turning it on will resolve potential name length 
issues that may arise with Python projects developed in Linux. 

 
Step 4: Verify Python Was Installed On Windows 

 
1. Navigate to the directory in which Python was installed on the system. In our case, it is 

C:\Users\Username\AppData\Local\Programs\Python\Python37 since we have installed the latest version. 

2. Double-click python.exe. 

3. The output should be similar to what you can see below: 
 

 

Note: You can also check whether the installation was successful by typing python –V in Command Prompt. The output 

should display your installed version of Python. In our case, it is “Python 3.7.3.” 

 
Step 5: Verify Pip Was Installed 

 
If you opted to install an older version of Python, it is possible that it did not come with Pip preinstalled. Pip is a powerful 



 

package management system for Python software packages. Thus, make sure that you have it installed.



 

We recommend using Pip for most Python packages, especially when working in virtual environments. To 

verify whether Pip was installed: 

1. Open the Start menu and type "cmd." 

2. Select the Command Prompt application. 

3. Enter pip -V in the console. If Pip was installed successfully, you should see the following output: 



 

 
 

 

 

Tutorial No. 2 
 

Aim: Real life Applications of linear algebra and introduction to data visualization & libraries in Python 

programming 
 

Theory: 
 

Applications of Linear Algebra: 
 

Linear algebra has more potential value for students in many scientific and business fields than any other 

undergraduate mathematics subject. Linear algebra is a sub-field of mathematics concerned with vectors, matrices, 

and linear transforms. 
 

Linear Algebra is the branch of mathematics aimed at solving systems of linear equations with a finite number of 

unknowns. To solve complex set of linear equations with huge number of unknowns with computer, we need parallel 

processing and large scale computations. The linear algebra plays an important role in providing this parallel 

processing and large scale computations. 
 

When you take a digital photo with your phone or transform the image in Photoshop, when you play a video game 

or watch a movie with digital effects, its all about a matrix of pixels behind. 
 

When you do a web search on Google, use GPS or make a phone call, you are using technologies that are built upon 

linear algebra. 
 

Linear algebra has its applications in following domains- 
 

● Chemistry 

● Coding Theory 

● Cryptography 

● Data Science 

● Electrical Circuits 

● Economics 

● Games 

● Genetics 

● Geometry 

● Graph Theory 

● Heat Distribution 

● Image Processing 

● Image/Data Compression 
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● Machine Learning



 

● Networking 

● Physics 

Some of them are elaborated as follows- 

1. Computer Graphics 
 

Computer graphics software uses matrices to process linear transformations to translate images. 
 

For this purpose square matrices very easily represent linear transformation of objects. Matrices are used to project 

three dimensional images into two dimensional planes. In Graphics, digital image is treated as a matrix to be start 

with. The rows and columns of matrix correspond to rows and columns of pixels and the numerical entries 

correspond to the pixels’ color values. Using matrices to manipulate a point is common mathematical approach in 

video game graphics. 
 

Matrices are used to express graphs. Every graph can be representing as a matrix each column and each row of a 

matrix is node and value of their intersection is strength of the connection between them. Matrix operations such as 

translation, rotation and sealing are used in graphics. 
 

Consider a point object O has to be moved from one position to another in a 2D plane. Let- 

Initial coordinates of the object O = (Xold, Yold) 

 

New coordinates of the object O after translation = (Xnew, Ynew) 

Translation vector or Shift vector = (Tx, Ty) 

Given a Translation vector (Tx, Ty)- 
 

Tx defines the distance the Xold coordinate has to be moved. Ty 

defines the distance the Yold coordinate has to be moved. 

 

This translation is achieved by adding the translation coordinates to the old coordinates of the object as- 
 

● Xnew = Xold + Tx (This denotes translation towards X axis) 

● Ynew = Yold + Ty (This denotes translation towards Y axis) 

In Matrix form, the above translation equations may be represented as- 

[
X

𝑛𝑒w] = [
X

𝑜𝑙𝑑 
𝑇𝑥

 

 
Problem- 

𝑌
𝑛𝑒w 

𝑌𝑜𝑙𝑑 ] + [𝑇𝑦]

 



 

Given a square with coordinate points A(0, 3), B(3, 3), C(3, 0), D(0, 0). Apply the translation with distance 1



 

towards X axis and 1 towards Y axis. Obtain the new coordinates of the square. 

[𝐴
𝑥𝑛𝑒w 

𝐵
𝑥𝑛𝑒w 

𝐶
𝑥𝑛𝑒w 

𝐷
𝑥𝑛𝑒w ] = [𝐴

𝑥𝑜𝑙𝑑 
𝐵

𝑥𝑜𝑙𝑑 
𝐶

𝑥𝑜𝑙𝑑 
𝐷

𝑥𝑜𝑙𝑑 ] + [𝑇
𝑥 

𝑇
𝑥 

𝑇
𝑥 

𝑇
𝑥 ] 

𝐴
𝑦𝑛𝑒w 

𝐵
𝑦𝑛𝑒w 𝐶𝑦𝑛𝑒w 𝐷𝑦𝑛𝑒w 

𝐴
𝑦𝑜𝑙𝑑 

𝐵
𝑦𝑜𝑙𝑑 𝐶𝑦𝑜𝑙𝑑 𝐷𝑦𝑜𝑙𝑑 

𝑇
𝑦 

𝑇
𝑦 𝑇𝑦 𝑇𝑦 

 

[𝐴
𝑥𝑛𝑒w 

𝐵
𝑥𝑛𝑒w 

𝐶
𝑥𝑛𝑒w 𝐷𝑥𝑛𝑒w ] = [0 3 3 0] + [1 1 1 1] 

 

𝐴
𝑦𝑛𝑒w 

𝐵
𝑦𝑛𝑒w 𝐶𝑦𝑛𝑒w 𝐷𝑦𝑛𝑒w 

 
4 4 1 1

 
 
 

 

𝐴
𝑦𝑛𝑒w 

𝐵
𝑦𝑛𝑒w 𝐶

𝑦𝑛𝑒w 
𝐷

𝑦𝑛𝑒w 3 
3 0 0 1 1 1 1 

𝐴
𝑥𝑛𝑒w 

[ 

𝐵
𝑥𝑛𝑒w 

𝐶
𝑥𝑛𝑒w 

𝐷
𝑥𝑛𝑒w ] = [1 4 4 1] 

   

 
 

 

2. Cryptography 
 

To encrypt and decrypt video signals during transmission, matrices play a key role. 
 

A digital audio or video signal is firstly taken as a sequence of numbers representing the variation over time of air 

pressure of an acoustic audio signal. 
 

The filtering techniques are used which depends on matrix multiplication. Consider the message “Do Not Worry” 

.The message is converted into a sequence of numbers from 1 to 26. For space, use digit 0. 
 
 

 
The message “DO NOT WORRY” can be encoded as sequence of numbers 4 



 

15 0 14 15 20 0 23 15 18 18 25 

This data is placed into matrix 

 𝖥 4 151
I 0 

𝐴 = I15 
I 0 

I15 L18 

14I 
20I 
23I 
18I 
25 



 

To encrypt this data invertible matrix is used; choose a matrix whose determinant in non-zero and whose 

multiplication is possible with matrix A. The choice of this matrix depends on the person who is encrypting data. 
 

Suppose we use an invertible matrix 

𝐵 = [2   1] 

3 4 

𝖥 4 151 𝖥 53 64 1 I 0 14I 2 1 I 42 56 I
Then X = 𝐴𝐵 = I15 

20I . [ ] = I 90 
95 I

I 0 I15 
L18 

23I 3 4 

18I 
25  

I 69 

I 84 L111 

92 I 

89 I 
118 

Now the message that will pass in air to the other person is 53 64 42 56 90 95 69 92 84 89 111 118. To read the 

original message one needs the key that is B and its inverse. There for to decrypt data first we will find B-1 

𝐵−1 = [ 0.8 −0.2] 
−0.6 0.4 

The original message can be read by only that person who has this invertible key B. To get original message we 

operate B-1 on 

AB =X 
 

(AB) B-1 = X B-1 

A (BB-1) = X B-1 AI 

= X B-1 

𝖥 53 64 1
I 42 𝐴 = I 90 56 I 95 I . [ 

0.8 −0.2]

I 69 

I 84 L111 

𝖥 4 151 

92 I 

89 I 
118  

−0.6 0.4

I 0 
=I15 

I 0 

I15 L18 

14I 
20I 
23I 
18I 
25 

There for matrix A is obtained back and message can be rewritten as 4 15 0 14 15 20 0 23 15 18 18 23. 
 

3. Data Analysis & advanced applications 
 



 

Matrices applications involve the use of eigen values and eigen vectors in the process of transforming a given matrix 

into a diagonal matrix. Linear algebra is useful tool for solving large number of variables in such a short time. 

Matrices are used in realistic looking motion on a two dimensional computer screen and calculations in



 

algorithms that create Google page ranking. They are also used for compressing electronic information and storing 

fingerprints information. 
 

Errors in electronic transmissions are identified and corrected with the use of matrices. Movements of the robots are 

programmed with the calculations of matrices rows and columns. The inputs for controlling robots are based on 

calculations from matrices. 
 

Mathematical Modeling using python Programming 

numpy 

NumPy stands for Numerical Python. It is a Python library used for working with an array. In Python, we use the 

list for purpose of the array but it’s slow to process. NumPy array is a powerful N-dimensional array object and 

used in data visualization, linear algebra, Fourier transform, and random number capabilities. It provides an array 

object much faster than traditional Python lists. 
 

NumPy is a Python library that supports multi-dimensional arrays & matrices and offers a wide range of 

mathematical functions to operate on the NumPy arrays & matrices. 
 

It is one of the most fundamental libraries for scientific computation. # 

importing numpy module 

import numpy as np 

 

 

# creating list list = 

[1, 2, 3, 4] 

 

# creating numpy array 

sample_array = np.array(list1) 

 

print("List in python : ", list) 

 

 

print("Numpy Array in python :", sample_array) 

 

 

# print shape of the array 
 

print("Shape of the array :", sample_array.shape) 

 
# display data type 

 

print("Data type of the array 1 :", sample_array.dtype)

https://www.geeksforgeeks.org/python-numpy/


 

#create a range of values equally spaced a= 

np.arange(1, 20 , 2) 

print(a) 

 

 

SymPy 
 

SymPy is a Python library for performing symbolic computation. 
 

SymPy has now become a popular symbolic library for the scientific Python ecosystem. 
 

SymPy has a wide range of features applicable in the field of basic symbolic arithmetic, calculus, algebra, discrete 

mathematics, quantum physics, etc. 
 

Some of the areas of applications of SymPy are − 

 

● Polynomials 
 

● Calculus 

 

● Discrete maths 
 

● Matrices 

 

● Geometry 

 

● Plotting 
 

● Physics 

 

● Statistics 
 

● Combinatorics 

 

 

Symbolic computation refers to development of algorithms for manipulating mathematical expressions and other 

mathematical objects. Symbolic computation integrates mathematics with computer science to solve mathematical 

expressions using mathematical symbols. A Computer Algebra System (CAS) such as SymPy evaluates algebraic 

expressions exactly (not approximately) using the same symbols that are used in traditional manual method. 
 

EXAMPLE- 
 

Suppose we want to create an expression like ∫ 𝑥3 𝑑𝑥 

from sympy import * 

x=Symbol ('x') 

expr = integrate(x**3, x) 

print(expr)



 

Output 
 

integral(x**3,x) 
 

it is same as ∫ 𝑥3 𝑑𝑥 

Now if you want to evaluate this integral, you need to provide upper limit as well as the lower limits. 

 

 

from sympy import * 

x=Symbol ('x') 

definteg = integrate(x**3, (x,2,3)) 

print(definteg) 

 

Output 
 

65/4 

 

 

MATPLOTLIB 
 

Matplotlib is an amazing visualization library in Python for 2D plots of arrays. Matplotlib consists of several 

plots like line, bar, scatter, histogram etc. We can also plot various functions using matplotlib which makes it easier 

for us to analyze the functions by looking at the graphs. Plots help to understand trends, patterns, and to make 

correlations. They’re typically instruments for reasoning about quantitative information.  
 

matplotlib can plot a huge amount of data on a single plot and make it look simple and compact. 
 

Matplotlib is a Python package for 2D plotting and the matplotlib.pyplot sub-module contains many plotting 

functions to create various kinds of plots. 

 

 

PYPLOT: 
 

Most of the Matplotlib utilities lies under the pyplot submodule, and are usually imported under the plt alias: 

import matplotlib.pyplot as plt 

Now the Pyplot package can be referred to as plt. 

Basic Plotting 

Procedure 

 

The general procedure to create a 2D line plot is: 

 

http://matplotlib.org/


 

1. Create a sequence of x values.



 

2. Create a sequence of y values. 
 

3. Enter plt.plot(x,y,[fmt],**kwargs) where [fmt] is a (optional) format string and **kwargs are (optional) 

keyword arguments specifying line properties of the plot. 
 

4. Use pyplot functions to add features to the figure such as a title, legend, grid lines, etc. 
 

5. Enter plt.show() to display the resulting figure. 

 

 

1. Draw a line in a diagram 

 

# importing matplotlib module from 

matplotlib import pyplot as plt # x-axis 

values 

xpoints = [5, 2, 9, 4, 7] # 

Y-axis values 

ypoints = [10, 5, 8, 4, 2] # 

Function to plot 

plt.plot(xpoints, ypoints) 

# function to show the plot 

plt.show() 

 
 

2. Draw two points in the diagram, one at position (1, 3) and one in position (8, 10) # 

importing matplotlib module 

from matplotlib import pyplot as plt # 

x-axis values 

xpoints = (1,3) # 

Y-axis values 

ypoints = (8,10) 

# Function to plot 

plt.plot(xpoints, ypoints, 'o') # 

function to show the plot 



 

plt.show()



 

3. Draw a line in a diagram from position (1, 3) to (2, 8) then to (6, 1) and finally to position (8, 10) # 

importing matplotlib module 

from matplotlib import pyplot as plt # 

x-axis values 

xpoints = (1,2,6,8) # 

Y-axis values ypoints 

= (3,8,1,10) # Function 

to plot 

plt.plot(xpoints, ypoints, 'o') # 

function to show the plot 

plt.show() 

 

4. Plotting without x-points: 
 

import matplotlib.pyplot as plt 

ypoints = (3, 8, 1, 10, 5, 7) 

plt.plot(ypoints) 

plt.show() 
 

The x-points in the example above is [0, 1, 2, 3, 4, 5]. 
 

MARKERS: 

 
You can use the keyword argument marker to emphasize each point with a specified marker: 

Mark each point with a circle. 

import matplotlib.pyplot as plt 

ypoints =(3, 8, 1, 10) 

 

plt.plot(ypoints, marker = 'o') 

plt.show() 
 

Other markers are- 
 

 

Marker 

 

Meaning 

 

'o' 

 

Circle 



 

 
'*' 

 
Star 



 

 

 
'.' 

 
Point 

 
',' 

 
Pixel 

 
'x' 

 
X 

 
'X' 

 
X (filled) 

 

'+' 

 

Plus 

Line Reference 
 

 

Line Syntax 

 

Description 

 
'-' 

 
Solid line 

 
':' 

 
Dotted line 

 

'--' 

 

Dashed line 

 
'-.' 

 
Dashed/dotted line 

 

Color Reference 
 

 

Color Syntax 

 

Description 

 
'r' 

 
Red 

 
'g' 

 
Green 

 
'b' 

 
Blue 

 
'c' 

 
Cyan 

 
'm' 

 
Magenta 

 
'y' 

 
Yellow 

 
'k' 

 
Black 

 
'w' 

 
White 

Marker Size 

You can use the keyword argument markersize or the shorter version, ms to set the size of the markers: 
 



 

Example- 
 

#Set the size of the markers to 20:



 

import matplotlib.pyplot as plt 

ypoints = (3, 8, 1, 10) 

plt.plot(ypoints, marker = ‘o’, ms = 20) 

plt.show() 

Marker Color 
 

You can use the keyword argument markeredgecolor or the shorter mec to set the color of the edge of the 

markers: 
 

You can use the keyword argument markerfacecolor or the shorter mfc to set the color inside the edge of the 

markers: 
 

Example 
 

#Set the EDGE color to red: 
 

import matplotlib.pyplot as plt 

ypoints = (3, 8, 1, 10) 

plt.plot(ypoints, marker = 'o', ms = 20, mec = 'r',mfc='b') 

plt.show() 

Line Width 
 

You can use the keyword argument linewidth or the shorter lw to change the width of the line. 

The value is a floating number, in points: 

Example 
 

#Plot with a 20.5pt wide line: 
 

import matplotlib.pyplot as plt 

ypoints = (3, 8, 1, 10) plt.plot(ypoints, 

linewidth = '20.5') plt.show() 
 

Pyplot Functions 
 

There are many pyplot functions available for us to customize our figures. For example: 
 

 

 

Function Description 

plt.xlim set x limits 

plt.ylim set y limits 



 

 

plt.grid add grid line 

plt.title add a title 

plt.xlabel add label to the horizontal axis 

plt.ylabel add label to the vertical axis 

plt.xticks set tick locations on the horizontal axis 

plt.yticks set tick locations on the vertical axis 

plt.legend display legend for several lines in the same figure 

plt.savefig save figure (as .png, .pdf, etc.) to working directory 

plt.figure create a new figure and set its properties 

 
 

Display Multiple Plots 

 

With the subplots() function you can draw multiple plots in one figure: 
 

Example #Draw 2 

plots: 

import matplotlib.pyplot as plt 

#plot 1: 

x =(0, 1, 2, 3) 

y =(3, 8, 1, 10) 

plt.subplot(1, 2, 1) 

plt.plot(x,y) 

#plot 2: 

x = np.array([0, 1, 2, 3]) 

y = np.array([10, 20, 30, 40]) 

plt.subplot(1, 2, 2) 

plt.plot(x,y) 

plt.show() 
 

Scatter Plot: 

 

With Pyplot, you can use the scatter() function to draw a scatter plot. 

 
The scatter() function plots one dot for each observation. It needs two arrays of the same length, one for the 

values of the x-axis, and one for values on the y-axis: 
 

Example 
 

#A simple scatter plot: 
 



 

import matplotlib.pyplot as plt 

x =(5,7,8,7,2,17,2,9,4,11,12,9,6) 

y =(99,86,87,88,111,86,103,87,94,78,77,85,86)



 

plt.scatter(x, y) 

plt.show() 

 

Bars: 

 

With Pyplot, you can use the bar() function to draw bar graphs: 
 

Example #Draw 4 

bars: 

import matplotlib.pyplot as plt x 

=("A", "B", "C", "D"]) 

y =(3, 8, 1, 10) 

plt.bar(x,y) 

plt.show() 
 

The bar() function takes arguments that describes the layout of the bars. The categories and their values 

represented by the first and second argument as arrays. 
 

Example 
 

x = ["APPLES", "BANANAS"] y 

= [400, 350] 

plt.bar(x, y) 
 

Horizontal Bars 

 
If you want the bars to be displayed horizontally instead of vertically, use the barh() function: 

 

Example 
 

#Draw 4 horizontal bars: 
 

import matplotlib.pyplot as plt x 

= ("A", "B", "C", "D") 

y = (3, 8, 1, 10) 

plt.barh(x, y) 

plt.show() 
 

Bar Color 

 
The bar() and barh() takes the keyword argument color to set the color of the bars: 

Example: 

#Draw 4 red bars: 
 

import matplotlib.pyplot as plt x 

= ("A", "B", "C", "D") 

y = np.array(3, 8, 1, 10) 



 

plt.bar(x, y, color = "red") 

plt.show()



 

Bar Width 

 
The bar() takes the keyword argument width to set the width of the bars: 

 

Example 
 

#Draw 4 very thin bars: 
 

import matplotlib.pyplot as plt 

import numpy as np 

 

x = np.array(["A", "B", "C", "D"]) 

y = np.array([3, 8, 1, 10]) 

 

plt.bar(x, y, width = 0.1) 

plt.show() 

 
The default width value is 0.8 

 
Note: For horizontal bars, use height instead of width. 

 

 

Bar Height 

 
The barh() takes the keyword argument height to set the height of the bars: 

 

import matplotlib.pyplot as plt x 

=("A", "B", "C", "D") 

y =(3, 8, 1, 10) 

plt.barh(x, y, height = 0.1) 

plt.show() 

 

The default height value is 0.8 

PIE CHARTS 

With Pyplot, you can use the pie() function to draw pie charts: 

 

Example 
 

A simple pie chart: 
 

import matplotlib.pyplot as plt 

import numpy as np 

 

y = (35, 25, 25, 15) 

 

plt.pie(y) 

plt.show() 

 
As you can see the pie chart draws one piece (called a wedge) for each value in the array (in this case [35, 25, 



 

25, 15]).



 

By default the plotting of the first wedge starts from the x-axis and move counterclockwise: 
 

Note: The size of each wedge is determined by comparing the value with all the other values, by using this 

formula: The value divided by the sum of all values: x/sum(x) 

 

Labels 

 
Add labels to the pie chart with the label parameter. 

 
The label parameter must be an array with one label for each wedge: 

 

Example 
 

#A simple pie chart: 
 

import matplotlib.pyplot as plt y 

= (35, 25, 25, 15) 

mylabels = ("Apples", "Bananas", "Cherries", "Dates") 

plt.pie(y, labels = mylabels) 

plt.show() 
 

Start Angle 

 
As mentioned the default start angle is at the x-axis, but you can change the start angle by specifying a 

startangle parameter. 

 
The startangle parameter is defined with an angle in degrees, default angle is 0: 

 

Example 
 

#Start the first wedge at 90 degrees: 
 

import matplotlib.pyplot as plt y 

=(35, 25, 25, 15) 

mylabels = ("Apples", "Bananas", "Cherries", "Dates") 

plt.pie(y, labels = mylabels, startangle = 90) 

plt.show() 
 

Colors 

 
You can set the color of each wedge with the colors parameter. 

 
The colors parameter, if specified, must be an array with one value for each wedge: 

 

Example 
 

#Specify a new color for each wedge: 
 

import matplotlib.pyplot as plt y 

=(35, 25, 25, 15) 

mylabels = ("Apples", "Bananas", "Cherries", "Dates") 

mycolors = ("black", "hotpink", "b", "#4CAF50") 



 

plt.pie(y, labels = mylabels, colors = mycolors) plt.show()



 

You can use Hexadecimal color values, any of the 140 supported color names, or one of these shortcuts: 

 
'r' - Red 

'g' - Green 

'b' - Blue 

'c' - Cyan 

'm' - Magenta 'y' 

- Yellow 'k' - 

Black 

'w' - White 
 

Legend 

 
To add a list of explanation for each wedge, use the legend() function: 

Example 

Add a legend: 
 

import matplotlib.pyplot as plt y 

= np.array(35, 25, 25, 15) 

mylabels = ("Apples", "Bananas", "Cherries", "Dates") 

plt.pie(y, labels = mylabels) 

plt.legend() 

plt.show() 

 

 

Plotting functions with matplotlib 
 

#Plot (y = a.x2 + b.x2 + c) Quadratic function 

 

#create x and y vectors 
 

#create a vector of values for x-axis using arange function of numpy 

 

x = np.arange(-11, 11, 1) 
 

a = 2 
 

b = 9 
 

c = 10 
 

#define vector y as a quadratic function of x y 

= a*(x**2) + b*x + c 

 

print('Values of x: ', x) 

print('Values of y: ', y)

https://www.w3schools.com/colors/colors_hexadecimal.asp
https://www.w3schools.com/colors/colors_hexadecimal.asp
https://www.w3schools.com/colors/colors_names.asp


 

#plot the vectors 

plt.plot(x, y) 

plt.title("Quadratic Function") 

plt.xlabel("Values of x") 

plt.ylabel("Values of y") 

plt.show() 

 

PLOTTING MATHEMATICAL FUNCTIONS IN PYTHON 
 

1. Plot (y = x) Identity function 

 

#import the numpy and matplotlib.pyplot module 

import numpy as np 

import matplotlib.pyplot as plt 

#create x and y vectors 

#create a vector of values for x-axis using arange function of numpy x 

= np.arange(0, 11, 1) 

 

#define a function for vector y y 

= x 

 

print('Values of x: ', x) 

print('Values of y: ', y) 

 

#plot the vectors x and y 

plt.plot(x, y) plt.title("Identity 

Function") plt.xlabel("Values 

of x") plt.ylabel("Values of y") 

 

#display the plot



 

 

plt.show() 

 

 

OUTPUT: 

 

Values of x: [ 0 1 2 3 4 5 6 7 8 9 10] 

Values of y: [ 0 1 2 3 4 5 6 7 8 9 10] 
 

 

 

 

2. Plot (y = a.x2 + b.x2 + c) Quadratic function 

#create x and y vectors 

#create a vector of values for x-axis using arange function of numpy 

 

x = np.arange(-11, 11, 1) 
 

a = 2 
 

b = 9 
 

c = 10 
 

#define vector y as a quadratic function of x y 

= a*(x**2) + b*x + c 

 

print('Values of x: ', x) 

print('Values of y: ', y) 



 

 

#plot the vectors



 

plt.plot(x, y) plt.title("Quadratic 

Function") plt.xlabel("Values of 

x") plt.ylabel("Values of y") 

plt.show() 

 

 

OUTPUT: 

 

Values of x: [-11 -10  -9 -8 -7  -6 -5 -4  -3 -2 -1 0 1 2 3 4   5   6   7   8   9 10] 

Values of y: [153 120 91 66 45 28 15 6   1   0   3 10 21 36 55 78 105 136 171 210 253 300] 
 

3. Plot (y = a.sin(b.x + c)) Sinusoidal function in Python x 

= np.arange(-11, 11, 0.001) 

a = 5 
 

b = 3 
 

c = 2 
 

y = a*np.sin(b*x + c) 

 

 

print('Values of x: ', x) 

print('Values of y: ', y) 

 

plt.plot(x, y)



 

plt.title("Sinusoidal Function") 

plt.xlabel("Values of x") 

plt.ylabel("Values of y") 

 

plt.show() 

 

 

OUTPUT: 
 

Values of x: [-11. -10.999 -10.998 ...  10.997 10.998  10.999] 
 

Values of y:  [ 2.02018823 2.03390025 2.04759397 ... -2.10016104 -2.11376421 -2.12734835] 
 

 



 

 
 

Tutorial No. 3 
 

Aim: Implementation of 2D image transformation using Linear algebra in Python 
 

Theory: 
 

Linear Algebra in Computer Graphics 
 

Computer graphics software uses matrices to process linear transformations to translate images. For this 

purpose square matrices very easily represent linear transformation of objects. Matrices are used to project three 

dimensional images into two dimensional planes. In Graphics, digital image is treated as a matrix to be start with. 

The rows and columns of matrix correspond to rows and columns of pixels and the numerical entries correspond to 

the pixels’ color values. Using matrices to manipulate a point is common mathematical approach in video game 

graphics. 
 

Matrices are used to express graphs. Every graph can be representing as a matrix each column and each row of a 

matrix is node and value of their intersection is strength of the connection between them. Matrix operations such as 

translation, rotation and scaling are used in graphics. 
 

2D Translation in Computer Graphics 

● Consider a point object O has to be moved from one position to another in a 2D plane. 

 

● Let- 

 

Initial coordinates of the object O = (Xold, Yold) 
 

New coordinates of the object O after translation = (Xnew, Ynew) 

Translation vector or Shift vector = (Tx, Ty) 

● Given a Translation vector (Tx, Ty)- 

 

Tx defines the distance the Xold coordinate has to be moved. Ty 

defines the distance the Yold coordinate has to be moved. 

● This translation is achieved by adding the translation coordinates to the old coordinates of the object 

as- 

 

Xnew = Xold + Tx (This denotes translation towards X axis) 
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Ynew = Yold + Ty (This denotes translation towards Y axis)



 

● In Matrix form, the above translation equations may be represented as- 

[
X

𝑛𝑒w] = [
X

𝑜𝑙𝑑 
𝑇𝑥

𝑌
𝑛𝑒w 

𝑌𝑜𝑙𝑑 ] + [𝑇𝑦]

 
 

 
 

Problem- 
 

Given a square with coordinate points A(0, 3), B(3, 3), C(3, 0), D(0, 0). Apply the translation with distance 1 

towards X axis and 1 towards Y axis. Obtain the new coordinates of the square. 

● [𝐴
𝑥𝑛𝑒w 

𝐵
𝑥𝑛𝑒w 

𝐶
𝑥𝑛𝑒w 

𝐷
𝑥𝑛𝑒w ] = [𝐴

𝑥𝑜𝑙𝑑 
𝐵

𝑥𝑜𝑙𝑑 
𝐶

𝑥𝑜𝑙𝑑 
𝐷

𝑥𝑜𝑙𝑑 ] + [𝑇
𝑥 

𝑇
𝑥 

𝑇
𝑥 

𝑇
𝑥 ] 

𝐴
𝑦𝑛𝑒w 

𝐵
𝑦𝑛𝑒w 𝐶𝑦𝑛𝑒w 𝐷𝑦𝑛𝑒w 

𝐴
𝑦𝑜𝑙𝑑 

𝐵
𝑦𝑜𝑙𝑑 𝐶𝑦𝑜𝑙𝑑 𝐷𝑦𝑜𝑙𝑑 

𝑇
𝑦 

𝑇
𝑦 𝑇𝑦 𝑇𝑦 

 

● [𝐴
𝑥𝑛𝑒w 

𝐵
𝑥𝑛𝑒w 

𝐶
𝑥𝑛𝑒w 𝐷𝑥𝑛𝑒w ] = [0 3 3 0] + [1 1 1 1] 

 
● 

𝐴
𝑦𝑛𝑒w 

𝐵
𝑦𝑛𝑒w 𝐶𝑦𝑛𝑒w 𝐷𝑦𝑛𝑒w 4 4 1 1 

 
 
 

𝐴
𝑦𝑛𝑒w 

𝐵
𝑦𝑛𝑒w 𝐶

𝑦𝑛𝑒w 
𝐷

𝑦𝑛𝑒w 3 
3 0 0 1 1 1 1 

𝐴
𝑥𝑛𝑒w 

[ 

𝐵
𝑥𝑛𝑒w 

𝐶
𝑥𝑛𝑒w 

𝐷
𝑥𝑛𝑒w ] = [1 4 4 1] 

  

 

 
 



 

Now we don’t have to all this manually. We have computers to do all this for us. We just need to write a 

programs as per our requirements and rest of the things will be done by computer. In programming languages, 

there are numerous libraries with pre-defined function to accomplish the tasks related to these image 

transformations. 
 

Let us write a program for previous example to translate a rectangle. 

#Python program to translate a rectangle with 4 coordinates from 

matplotlib.pyplot import plot, draw, show 

xpoints = [0,1,1,0,0]



 

ypoints = [1,1,0,0,1] 

plot(xpoints, ypoints, '-') 

draw() 

tx=2 ty=3 

newx=[] 

newy=[] 

for x in xpoints: 

newx.append(x+tx) 

for y in ypoints: 

newy.append(y+ty) 

plot(newx, newy, '-') 

draw() 

show() 
 

#Python Program to translate image 
 

import matplotlib.pyplot as plt from 

matplotlib import transforms #read 

the image 

img = plt.imread('mickey.png') 

#create a fgure for plot 

fig = plt.figure() 
 

ax = fig.add_subplot(111)



 

#show the original image 

ax.imshow(img) 

#perform image translation 
 

tr = transforms.Affine2D().translate(200,200) 

#show the traslated image 

ax.imshow(img, transform=tr + ax.transData) 

#set the scale 

plt.xlim(0, 600) 
 

plt.ylim(600, 0) 

#display the plot 

plt.show() 

 

 

 

2D Scaling in Computer Graphics 

● Scaling may be used to increase or reduce the size of object. 

 

● Scaling subjects the coordinate points of the original object to change. 

 

● Scaling factor determines whether the object size is to be increased or reduced. 

 

● If scaling factor > 1, then the object size is increased. 

 

● If scaling factor < 1, then the object size is reduced. 

 

● Consider a point object O has to be scaled in a 2D plane. 



 

 

● Let-



 

Initial coordinates of the object O = (Xold, Yold) 

Scaling factor for X-axis = Sx 

Scaling factor for Y-axis = Sy 

New coordinates of the object O after scaling = (Xnew, Ynew) 

● This scaling is achieved by using the following scaling equations- 

Xnew = Xold * Sx 

Ynew = Yold * Sy 

● In Matrix form, the above scaling equations may be represented as- 
 

[X𝑛𝑒w] = [𝑆𝑥 0] * [X𝑜𝑙𝑑]

 
 

Problem- 

𝑌
𝑛𝑒w 

0 𝑆𝑦 𝑌
𝑜𝑙𝑑

 

● Given a square object with coordinate points A (0, 3), B (3, 3), C (3, 0), D (0, 0). Apply the scaling 

parameter 2 towards X axis and 3 towards Y axis and obtain the new coordinates of the object. 

 

Solution- 

Given- 

● Old corner coordinates of the square = A (0, 3), B(3, 3), C(3, 0), D(0, 0) 

Scaling factor along X axis = 2 

Scaling factor along Y axis = 3 

 
● [

𝐴
𝑥𝑛𝑒w 

𝐵
𝑥𝑛𝑒w 𝐶𝑥𝑛𝑒w 𝐷𝑥𝑛𝑒w ] = [𝑆𝑥 0] * [

𝐴
𝑥𝑜𝑙𝑑 

𝐵
𝑥𝑜𝑙𝑑 𝐶𝑥𝑜𝑙𝑑 𝐷𝑥𝑜𝑙𝑑 ]

𝐴
𝑦𝑛𝑒w 

𝐵
𝑦𝑛𝑒w 𝐶𝑦𝑛𝑒w

 𝐷𝑦𝑛𝑒w 

0 𝑆𝑦 𝐴
𝑦𝑜𝑙𝑑 

𝐵
𝑦𝑜𝑙𝑑 𝐶𝑦𝑜𝑙𝑑 𝐷𝑦𝑜𝑙𝑑

 

● [
𝐴

𝑥𝑛𝑒w 
𝐵

𝑥𝑛𝑒w 
𝐶

𝑥𝑛𝑒w 𝐷𝑥𝑛𝑒w ] = [2 0] * [0 3 3 0] 

𝐴
𝑦𝑛𝑒w 

𝐵
𝑦𝑛𝑒w 𝐶𝑦𝑛𝑒w 𝐷𝑦𝑛𝑒w 0 3 3 3 0 0 

 

● [𝐴
𝑥𝑛𝑒w 

𝐵
𝑥𝑛𝑒w 

𝐶
𝑥𝑛𝑒w 𝐷𝑥𝑛𝑒w ] = [0 6 6 0] 

𝐴
𝑦𝑛𝑒w 

𝐵
𝑦𝑛𝑒w 𝐶𝑦𝑛𝑒w 𝐷𝑦𝑛𝑒w 9 9 0 0 

 



 

 

 

#Python program to scale a rectangle with 4 coordinates



 

from matplotlib.pyplot import plot, draw, show 

xpoints = [1,0,1,2,1] 

ypoints = [0,1,2,1,0] 

plot(xpoints, ypoints, '-') 

draw() 

tx=2 ty=3 

newx=[] 

newy=[] 

for x in xpoints: 

newx.append(x*tx) 

for y in ypoints: 

newy.append(y*ty) 

plot(newx, newy, '-') 

draw() 

show() 
 

 

 

 

 

 
 

#Python Program to scale image



 

import matplotlib.pyplot as plt from 

matplotlib import transforms #read 

the image 

img = plt.imread('mickey.png') 

#create a figure for plot 

fig = plt.figure() 
 

ax = fig.add_subplot(111) 

#show the original image 

ax.imshow(img) #perform 

image scaling 

tr = transforms.Affine2D().scale(2,2) 

#show the sclaed image 

ax.imshow(img, transform=tr + ax.transData) 

#set the scale 

plt.xlim(0, 1000) 
 

plt.ylim(1000, 0) 

#display the plot 

plt.show() 

 

 

 



 

2D Rotation in Computer Graphics



 

● Consider a point object O has to be rotated from one angle to another in a 2D plane.  

 

● Let- 

 

Initial coordinates of the object O = (Xold, Yold) 

Initial angle of the object O with respect to origin = Φ 

Rotation angle = θ 

New coordinates of the object O after rotation = (Xnew, Ynew) 

● This rotation is achieved by using the following rotation equations- 

Xnew = Xold x cosθ – Yold x sinθ 

Ynew = Xold x sinθ + Yold x cosθ 

● In Matrix form, the above rotation equations may be represented as- 
 

[X
𝑛𝑒w] = [cos 𝜃 −sin 𝜃] * [X

𝑜𝑙𝑑]

 
 
 

 

 
● Example 

𝑌
𝑛𝑒w 

sin 𝜃 cos 𝜃 𝑌
𝑜𝑙𝑑

 

Given a square object with coordinate points A(0, 3), B(3, 3), C(3, 0), D(0, 0). Rotate the rectangle by 90 

degree anticlockwise direction and find out the new coordinates. 
 

Solution- 

Given- 

● We rotate a polygon by rotating each vertex of it with the same rotation angle 

Rotation angle = θ = 90º 

● [𝐴
𝑥𝑛𝑒w 

𝐵
𝑥𝑛𝑒w 

𝐶
𝑥𝑛𝑒w 

𝐷
𝑥𝑛𝑒w ] = [cos 90 −sin 90] * [𝐴

𝑥𝑜𝑙𝑑 
𝐵

𝑥𝑜𝑙𝑑 
𝐶

𝑥𝑜𝑙𝑑 
𝐷

𝑥𝑜𝑙𝑑 ] 

𝐴
𝑦𝑛𝑒w 

𝐵
𝑦𝑛𝑒w 𝐶𝑦𝑛𝑒w 𝐷𝑦𝑛𝑒w si𝑛 90 cos 90 𝐴

𝑦𝑜𝑙𝑑 
𝐵

𝑦𝑜𝑙𝑑 𝐶𝑦𝑜𝑙𝑑 𝐷𝑦𝑜𝑙𝑑 

 



 

● [𝐴
𝑥𝑛𝑒w 

𝐵
𝑥𝑛𝑒w 

𝐶
𝑥𝑛𝑒w 𝐷𝑥𝑛𝑒w ] = [0 −1] * [0 3 3 0] 

𝐴
𝑦𝑛𝑒w 

𝐵
𝑦𝑛𝑒w 𝐶𝑦𝑛𝑒w 𝐷𝑦𝑛𝑒w 1 0 3 3 0 0



 

● [𝐴
𝑥𝑛𝑒w 

𝐵
𝑥𝑛𝑒w 

𝐶
𝑥𝑛𝑒w 

𝐷
𝑥𝑛𝑒w ] = [−3 −3 0 0 

𝐴
𝑦𝑛𝑒w 

𝐵
𝑦𝑛𝑒w 𝐶𝑦𝑛𝑒w 𝐷𝑦𝑛𝑒w 0 3 3 0 ] 

 

#Python program to rotate a rectangle with 4 coordinates 
 

from matplotlib.pyplot import plot, draw, show 

from math import sin, cos, radians 

xpoints = [0,1,1,0,0] 
 

ypoints = [1,1,0,0,1] 

degrees=45 

angle = radians(degrees) 

n=len(xpoints) 

cx=sum(xpoints)/n 

cy=sum(ypoints)/n 

plot(xpoints, ypoints, '-') 

draw() 

newx=[] 

newy=[] 

for x,y in zip(xpoints,ypoints): 

tx,ty = x-cx,y-cy 

new_x = ( tx*cos(angle) + ty*sin(angle)) + cx 

newx.append(new_x) 

new_y = (-tx*sin(angle) + ty*cos(angle)) + cy 

newy.append(new_y) 

plot(newx, newy, '-') 

draw() 

show()



 

 
 

#Python Program to rotate an image 
 

import matplotlib.pyplot as plt from 

matplotlib import transforms #read 

the image 

img = plt.imread('mickey.png') 

#create a fgure for plot 

fig = plt.figure() 
 

ax = fig.add_subplot(111) 

#show the original image 

ax.imshow(img) 

#perform image rotation by degrees and then translate the rotated iage to view the results tr 

= transforms.Affine2D().rotate_deg(45).translate(250,250) 

#or you can simply rotate the image 
 

#tr = transforms.Affine2D().rotate_deg(45) 

#show the rotated image 

ax.imshow(img, transform=tr + ax.transData) 

#set the scale 

plt.xlim(0, 1000) 

plt.ylim(1000, 0) 



 

#display the plot



 

plt.show() 



 

 
 

Tutorial No. 4 
 

Aim: Understanding linear algebra with matrices and implementing Python programs to solve system of complex 

set of linear equations of a real life problem 
 

Theory: 
 

Linear Systems 
 

A linear system or, more precisely, a system of linear equations, is a set of equations linearly relating to a set of 

variables. A linear equation in the variables x1,……,xn is an equation that can be written in the form 

𝑎1𝗑1 + 𝑎2𝗑2 + 𝑎3𝗑3 + ⋯ + 𝑎𝑛𝗑𝑛 = 𝑏 

 
𝑎1𝗑1 + 𝑎2𝗑2 + 𝑎3𝗑3 + ⋯ + 𝑎𝑛𝗑10 = 𝑝 

 
𝑏1𝗑1 + 𝑏2𝗑2 + 𝑏3𝗑3 + ⋯ + 𝑏𝑛𝗑10 = q 

 
𝑐1𝗑1 + 𝑐2𝗑2 + 𝑐3𝗑3 + ⋯ + 𝑐𝑛𝗑10 = 𝑟 

 
where a1, a2, a3, .. ,an and b are arbitrary constants. 

 
n can be any positive integer. In books, it ranges from 2 to 5. In real-life problems, n might be 50 or 5000 or 

even greater than that. 

 

When there are just two or three equations and variables, it’s feasible to perform the calculations manually, 

combine the equations, and find the values for the variables. However, with four or more variables, it takes a 

considerable amount of time to solve a linear system manually, and it’s common to make mistakes. 

 

Practical applications generally involve a large number of variables, which makes it infeasible to solve linear 

systems manually. Luckily, there are some tools that can do this hard work, such as scipy.linalg.solve(). 

 

Applications of Linear Algebra in solving linear system of equations- 

 
To solve complex set of linear equations with huge number of unknowns with computer, we need parallel processing 
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and large scale computations. The linear algebra plays an important role in providing this parallel



 

processing and large scale computations. 

Linear algebra has more potential value for students in many scientific and business fields than any other 

undergraduate mathematics subject. 

 
Example1: Network Flow 

Systems of linear equations arise naturally when scientists, engineers, or economists study the flow of some 

quantity through a network. For instance, urban planners and traffic engineers monitor the pattern of traffic flow in 

a grid of city streets. Electrical engineers calculate current flow through electrical circuits. And economists analyze 

the distribution of products from manufacturers to consumers through a network of wholesalers and retailers. For 

many networks, the systems of equations involve hundreds or even thousands of variables and equations. 

 

A network consists of a set of points called junctions, or nodes, with lines or arcs called branches connecting some 

or all of the junctions. The direction of flow in each branch is indicated, and the flow amount (or rate) is either 

shown or is denoted by a variable. 

 

The basic assumption of network flow is that the total flow into the network equals the total flow out of the network 

and that the total flow into a junction equals the total flow out of the junction. 

 

The flow at each junction is described by a linear equation. The problem of network analysis is to determine the 

flow in each branch when partial information (such as the flow into and out of the network) is known. 

 

Example: The following diagram shows part of Baltimore. Assume that the streets are one way, and that the 

average number of bikes entering and leaving per hour is given in the chart. Determine the general flow pattern 

for the network. 

 

 
Write equations that describe the flow, and then find the general solution of the system. Label the street intersections 

(junctions) and the unknown flows in the branches, as shown in above figure. At each



 

intersection, set the flow in equal to the flow out. 
 

Intersection Flow in Flow out 

A 300 +500 = 𝑥1 + 𝑥2 

B 𝑥2 + 𝑥4 = 300 + 𝑥3 

C 100+400 = 𝑥4 + 𝑥5 

D 𝑥1 + 𝑥5 = 600 

 

Also, the total flow into the network (500+300+100+400) equals the total flow out of the network (300+𝑥3+600) 

which simplifies to 𝑥3 = 400. Combine this equation with a rearrangement of the first four equations to obtain the 

following system of equations: 
 

𝑥1 + 𝑥2 = 800 

𝑥2 − 𝑥3 + 𝑥4 = 300 

𝑥4 + 𝑥5 = 500 

𝑥1 + 𝑥5 = 600 

𝑥3 = 400 

Here we are taking less no. of streets, there can be thousands of streets involved in real situations. Thus, we 

will have numerous unknown variables like 𝑥1, 𝑥2, 𝑥3, 𝑥4, 𝑥5, … 𝑒𝑡𝑐 

You can solve this kind of linear system using matrix form where matrix can be reduced to echelon form or 

normal form to obtain the solution. Or it can be solved programmatically. 
 

Doing this manually on paper is very time consuming and organization cannot wait for a long period of time to 

get the solution. 
 

Example 2: A Homogeneous System in Economics 

Suppose a nation’s economy is divided into many sectors, such as various manufacturing, communication, 

entertainment, and service industries. Suppose that for each sector we know its total output for one year and we 

know exactly how this output is divided or “exchanged” among the other sectors of the economy. Let the total 

dollar value of a sector’s output be called the price of that output. 

 

Leontief proved the following result. There exist equilibrium prices that can be assigned to the total outputs of 

the various sectors in such a way that the income of each sector exactly balances its expenses. 

 

Example: Suppose an economy consists of the Coal, Electric (power), and Steel sectors, and the output of each 

sector is distributed among the various sectors as shown in table below, where the entries in a column represent 

the fractional parts of a sector’s total output. 



 

The second column of table, for instance, says that the total output of the Electric sector is divided as follows:



 

40% to Coal, 50% to Steel, and the remaining 10% to Electric. (Electric treats this 10% as an expense it incurs in 

order to operate its business.) Since all output must be taken into account, the decimal fractions in each column 

must sum to 1. 

Denote the prices (i.e., dollar values) of the total annual outputs of the Coal, Electric, and Steel sectors by pC, 

pE, and pS, respectively. If possible, find equilibrium prices that make each sector’s income match its 

expenditures. 

 

A simple Economy Distribution 

of Output from: 

Coal 

.0 

.6 

.4 

Electric 

.4 

.1 

.5 

Steel 

.6 

.2 

.2 

Purchased by: 

Coal 

Electric 

Steel 

A sector looks down a column to see where its output goes, and it looks across a row to see what it needs as inputs. 

For instance, the first row of the above table says that Coal receives (and pays for) 40% of the Electric output and 

60% of the Steel output. Since the respective values of the total outputs are pE and pS, Coal must spend .4pE dollars 

for its share of Electric’s output and .6pS for its share of Steel’s output. Thus Coal’s total expenses are .4pE + .6pS. 

To make Coal’s income, pC, equal to its expenses, we want 

pC = .4pE + .6pS 

The second row of the exchange table shows that the Electric sector spends .6pC for coal, .1pE for electricity, and 

.2pS for steel. Hence the income/expense requirement for Electric is 

pE = .6pC + .1pE + .2pS 

 
Finally, the third row of the exchange table leads to the final requirement: 

pS = .4pC + .5pE + .2pS 

 
To     solve     the     system     of     equations,     move     all      the      unknowns      to      the      left sides of the 

equations and combine like terms. 

pC - .4pE - .6pS =0 

-.6pC + .9pE - .2pS = 0 

-.4pC - .5pE + .8pS = 0 

 
We can reduce this matrix to find its solution. This can give exactly one solution or infinitely many solutions. 

Organization can choose optimum value after analysis. 

 

This way, we can use matrices and linear algebra to solve linear system of equations but solving it using 

programming makes it easier and fast operation and that is what is needed in this fast-paced world.



 

Getting Started With scipy.linalg 

 
SciPy is as an open source Python library used for scientific computing, including several modules for common 

tasks in science and engineering such as linear algebra, optimization, integration, interpolation, and signal 

processing. It’s part of the SciPy stack, which includes several other packages for scientific computing such as 

NumPy, Matplotlib, SymPy, IPython, and pandas. 

 

Linear algebra is a branch of mathematics that concerns linear equations and their representations using vectors and 

matrices. It’s a fundamental subject used in several areas of engineering, and it’s a prerequisite to a deeper 

understanding of machine learning. 

 

scipy.linalg includes several tools for working with linear algebra problems, including functions for performing 

matrix calculations, such as determinants, inverses, eigenvalues, eigenvectors, and the singular value 

decomposition. 

 

Using scipy.linalg.solve() to Solve Linear Systems 

 
Linear systems can be a useful tool for finding the solution to several practical and important problems, 

including problems related to vehicle traffic, balancing chemical equations, electrical circuits, and polynomial 

interpolation. 

 

Using scipy.linalg.solve() 

 
SciPy provides scipy.linalg.solve() to solve linear systems quickly and in a reliable way. To see how it works, 

consider the following system: 

 

 
In order to use scipy.linalg.solve(), you need first to write the linear system as a matrix product, as in the 

following equation: 

 

 
Notice you’ll arrive at the original equations of the system after calculating the matrix product.

https://www.scipy.org/scipylib/index.html
https://docs.scipy.org/doc/scipy/reference/linalg.html
https://realpython.com/python-scipy-cluster-optimize/
https://docs.scipy.org/doc/scipy/reference/tutorial/integrate.html
https://docs.scipy.org/doc/scipy/reference/interpolate.html
https://realpython.com/python-scipy-fft/
https://realpython.com/python-scipy-fft/
https://www.scipy.org/
https://realpython.com/numpy-tutorial/
https://realpython.com/python-matplotlib-guide/
https://www.sympy.org/
https://www.sympy.org/
https://realpython.com/learning-paths/pandas-data-science/
https://en.wikipedia.org/wiki/Linear_algebra
https://en.wikipedia.org/wiki/Vector_(mathematics_and_physics)
https://en.wikipedia.org/wiki/Matrix_(mathematics)
https://realpython.com/learning-paths/machine-learning-python/
https://en.wikipedia.org/wiki/Eigenvalues_and_eigenvectors
https://en.wikipedia.org/wiki/Singular_value_decomposition
https://en.wikipedia.org/wiki/Singular_value_decomposition
https://en.wikipedia.org/wiki/Singular_value_decomposition


 

The inputs scipy.linalg.solve() expects to solve are the matrix A and the vector b, which you can define using 

NumPy arrays. This way, you can solve the system using the following code: 

 

PROGRAM 

 
#Program to solve linear system of equations using scipy.linalg.solve() 

import numpy as np 

from scipy.linalg import solve A 

= np.array( 

[ 

 
[3, 2], 

 
[2, -1], 

 
] 

 
) 

 
print(A) 

 
b = np.array([12, 1]).reshape((2, 1)) 

print(b) 

x = solve(A, b) 

print(x) Output: 

array([[2.], 

 
[3.]]) 

 
x contains the solution of the equations. Function solve() returns the solution with floating-point components, 

even though all the elements of the original arrays are integers.



 

Solving a Practical Problem: Building a Meal Plan 

One sort of problem that is generally solved with linear systems is when you need to find the proportions of 

components needed to obtain a certain mixture. Below, you’re going to use this idea to build a meal plan, 

mixing different foods in order to get a balanced diet. 

 

For that, consider that a balanced diet should include the following: 

 
● 170 units of vitamin A 

 
● 180 units of vitamin B 

 
● 140 units of vitamin C 

 
● 180 units of vitamin D 

 
● 350 units of vitamin E 

 
Your task is to find the quantities of each different food in order to obtain the specified amount of vitamins. In 

the following table, you have the results of analyzing one gram of each food in terms of units of each vitamin: 

 

Food Vitamin A Vitamin B Vitamin C Vitamin D Vitamin E 

#1 1 10 1 2 2 

#2 9 1 0 1 1 

#3 2 2 5 1 2 

#4 1 1 1 2 13 

#5 1 1 1 9 2 

By denoting food 1 as x₁ and so on, and considering you’re going to mix x₁ units of food 1, x₂ units of food 2, 

and so on, you can write an expression for the amount of vitamin A you’d get in the combination. Considering a 

balanced diet should include 170 units of vitamin A, you can use the data from the Vitamin A column to write the 

following equation: 

 

 
Repeating the same procedure for vitamins B, C, D, and E, you arrive at the following linear system:



 

 
 

To use scipy.linalg.solve(), you have to obtain the coefficients matrix A and the independent terms vector b, 

which are given by the following: 

 

 
Now you just have to use scipy.linalg.solve() to find out the quantities x₁, …, x₅: 

PROGRAM 

import numpy as np 

from scipy.linalg import solve A 

= np.array( 

[ 

[1, 9, 2, 1, 1], 

[10, 1, 2, 1, 1], 

[1, 0, 5, 1, 1], 

[2, 1, 1, 2, 9], 

[2, 1, 2, 13, 2], 

] 

) 

b = np.array([170, 180, 140, 180, 350]).reshape((5, 1)) x 

= solve(A, b) 

print(x) 

OUTPUT: 

array([[10.], 

[10.], 

[20.], 



 

[20.], 

[10.]])



 

 
 

Tutorial No. 5 
 

Aim: Study applications of Eigen values & Eigen vectors and implement using Python 
 

Theory: 
 

Eigenvectors and eigenvalues have many important applications in computer vision, machine learning, image 

processing and web applications. 
 

An eigenvector is a vector whose direction remains unchanged when a linear transformation is applied to it. Consider 

the image below in which three vectors are shown. The green square is only drawn to illustrate the linear 

transformation that is applied to each of these three vectors. 
 

 

The transformation in this case is a simple scaling with factor 2 in the horizontal direction and factor 0.5 in the 
vertical direction, such that the transformation matrix   is defined as: 

 

 

. 

 

A vector    is then scaled by applying this transformation as . The above figure shows that 

the direction of some vectors (shown in red) is not affected by this linear transformation. These vectors are called 

eigenvectors of the transformation, and uniquely define the square matrix . This unique, deterministic relation is 
exactly the reason that those vectors are called ‘eigenvectors’ (Eigen means ‘specific’ in German). 

 
In general, the eigenvector    of a matrix   is the vector for which the following holds: 

 

                                 (1)
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where   is a scalar value called the ‘eigenvalue’. This means that the linear transformation   on vector    is 

completely defined by . 

 

We can rewrite equation (1) as follows: 

 

              (2) 

where   is the identity matrix of the same dimensions as . 

 

However, assuming that      is not the null-vector, equation (2) can only be defined if   is not invertible. 

If a square matrix is not invertible, that means that its determinant must equal zero. Therefore, to find the 

eigenvectors of , we simply have to solve the following equation: 

 

               (3) 

In the following sections we will determine the eigenvectors and eigenvalues of a matrix , by solving equation (3). 

Matrix   in this example, is defined by: 

 

                            (4) 

Calculating the eigenvalues 

 

To determine the eigenvalues for this example, we substitute  in equation (3) by equation (4) and obtain: 

 

        (5) 

Calculating the determinant gives: 

 

          (6) 

To solve this quadratic equation in , we find the discriminant: 
 

 
Since the discriminant is strictly positive, this means that two different values for   exist: 

 

 

 

 

https://www.visiondummy.com/2014/03/eigenvalues-eigenvectors/#id3583665669
https://www.visiondummy.com/2014/03/eigenvalues-eigenvectors/#id1398496403
https://nl.wikipedia.org/wiki/Determinant
https://www.visiondummy.com/2014/03/eigenvalues-eigenvectors/#id1043422129
https://www.visiondummy.com/2014/03/eigenvalues-eigenvectors/#id1043422129
https://www.visiondummy.com/2014/03/eigenvalues-eigenvectors/#id3888381481


 

 
(7)



 

Applications- 

 

1. Google's extraordinary success as a search engine was due to their clever use of eigenvalues and eigenvectors. 

The PageRank algorithm is built upon the eigen values and eigen vectors. The PageRank of D equals the sum of the 

PR of the linking website(s) divided by their outgoing links. From this example, you see that links from pages with 

a high PR and less outgoing links are worth more than many links from low PR pages with thousands of outgoing 

links. 

 

2. In real life, we effectively use eigen vectors and eigen values on a daily basis though sub-consciously most of the 

time. 

 

Example 1: When you watch a movie on screen(TV/movie theater,..), though the picture(s)/movie you see is actually 

2D, you do not lose much information from the 3D real world it is capturing. That is because the principal eigen 

vector is more towards 2D plane the picture is being captured and any small loss of information(depth) is inferred 

automatically by our brain. 

 

Example 2: If you eat pizza, french fries, or any food, you are typically translating their taste into sour, sweet, bitter, 

salty, hot, etc.- principal components of taste. Though in reality the way a food is prepared is formulated in terms 

of ingredients' ratios (sugar, flour, butter, etc). 10's of 100's of things that go into making a specific food). However 

our mind will transform all such information into the principal components of taste(eigen vector having sour, bitter, 

sweet, hot) automatically along with the food texture and smell. 

 

So we use eigen vectors every day in many situations without realizing that's how we learn about a system more 

effectively. Our brain simply transforms all the ingredients, cooking methods, final food product into some very 

effective eigen vector whose elements are taste sub parts, smell and visual appearance internally. 

 

(All the ingredients and their quantities along with the cooking procedure represent some transformation matrix A 

and we can find some principal eigen vector(s) V with elements as taste+smell+appearance+touch having some 

linear transformation directly related. 

 

AV = wV , where w represent eigen values scalar and V an eigen vector) 

 

Top wine tasters probably have bigger taste+smell+appearance eigen vector and also with much bigger eigen values 

in each dimension. This concept can be extended to any field of study. 

 

Example 3: if we take pictures of a person from many angles (front , back, top, side..) on a daily basis and would 

like to measure the changes in the entire body as one grows,... we can get the most information from the front angle 

with the axis of camera perpendicular to the line passing from crown of the head to a point passing between one's 

feet. This axis/camera angle captures the most useful information to measure a person's outer physical body changes 

as the age progresses. This axis becomes a principal eigen vectors with the largest eigen values. 

 

That is the reason why we use PCA-Princial Component Analysis technique in determining most effective eigen 

vectors and related eigen values to capture most of the needed information without bothering about all the remaining 

axes of data capture. 

 

Calculating Eigen Values & Eigen Vectors using Python 

scipy.linalg.eig 

The function scipy.linalg.eig computes eigen values and eigenvectors of a square matrix. 
 

The function scipy.linalg.eig returns a tuple (eigvals,eigvecs) where eigvals is a 1D NumPy array of complex numbers giving 

https://www.intmath.com/matrices-determinants/7-eigenvalues-eigenvectors.php
https://www.intmath.com/matrices-determinants/7-eigenvalues-eigenvectors.php


 

the eigenvalues of A, and eigvecs is a 2D NumPy array with the corresponding eigenvectors in the columns:



 

Let's consider a simple example with a diagonal matrix: 
 

import numpy as np 

import matplotlib.pyplot as plt 

import scipy.linalg as la 

A = np.array([[1,0],[0,-2]]) 

print(A) 

results = la.eig(A) 

#eigenvalues of A 

print(results[0]) #eigen 

vectors of A 

print(results[1]) 

Principal Component Analysis 
 

Principal component analysis or PCA in short is famously known as a dimensionality reduction technique. 

Need of PCA 
To support the cause of using PCA let’s look at one example. 

 

Suppose we have a dataset having two variables and 10 number of data points. If we were asked to visualize the data 

points, we can do it very easily. The result is very interpretable as well. 

 

Example Data points 

X1 2 8 1 4 22 15 25 29 4 2 

X2 3 6 2 6 18 16 20 23 6 4 
 

Plotting Data On Two Dimensions 

Now if we try to increase the number of variables it gets almost impossible for us to imagine a dimension higher than 

three-dimensions. This problem we face when analyzing higher-dimensional datasets is what commonly referred to as 
“the curse of dimensionality”. 

 

Principal Component analysis reduces high dimensional data to lower dimensions while capturing maximum variability of 

the dataset. Data visualization is the most common application of PCA. PCA is also used to make the training of an 
algorithm faster by reducing the number of dimensions of the data. 

 
Steps Involved in the PCA 

 
Step 1: Standardize the dataset. 

 
Step 2: Calculate the covariance matrix for the features in the dataset. 



 

 
Step 3: Calculate the eigenvalues and eigenvectors for the covariance matrix.



 

Step 4: Sort eigenvalues and their corresponding eigenvectors. 

Step 5: Pick k eigenvalues and form a matrix of eigenvectors. 

Step 6: Transform the original matrix. 

Example: 

 
Suppose that we have the average valuation that 1,000 respondents have made on six car brands, according to three 

characteristics. For simplicity, we will consider few variables (only three) for understanding; however, in a real study, we 

can consider ten or twenty characteristics (columns), since the PCA has advantages when the dimension of the data set to 
be analyzed is very large. 

 
The following table shows the average values that the respondents granted to each one of the brands in the three 

characteristics considered: 
 
 

 

 
1. Standardize the Dataset 

 

First, we need to standardize the dataset and for that, we need to calculate the mean and standard deviation for each 

feature. 

 

Standardization formula 

mean(elegance)=(0.1+0.2+0.3+0.4+0.7+0.8)/6=0.416667 

mean(comfort)=0.4 

mean(power)=0.4 

 
 

std   deviation(elegance)=√(0.1−0.416667)2+(0.2−0.416667)2+(0.3−0.416667)2+(0.4−0.416667)2+(0.7−0.416667)2+(0.8−0.416667)2 
6 

=0.25440563 

std deviation(comfort)= 0.23804761 

std deviation(power)= 0.11547005 

But here we are not dividing the given data by standard deviation as it is already in the normal range of (0,1), we just 



 

need to convert it to the range of (-1,1)



 

Standardized features are as follows- 
 

Brand elegance comfort power 

A 0.1-0.416667=-0.316667 0.2-0.4=-0.2 0.5-0.4=0.1 

B -0.216667 0.1-0.4=-0.3 0.3-0.4=-0.1 

C -0.116667 0.3-0.4=-0.1 0.3-0.4=-0.1 

D -0.016667 0.4-0.4=0 0.3-0.4=-0.1 

E 0.283333 0.8-0.4=0.4 0.4-0.4=0 

F 0.383333 0.6-0.4=0.2 0.6-0.4=0.2 

 
2. Calculate the covariance matrix for the whole dataset 

The formula to calculate the covariance matrix: 

 

 
 

 

 

C

ovariance 

Formula We 

have 3 

features, so 

will have a 

co-variance 

matrix of 

3X3. 

cov matrix=(1/n) X’X 

 

1   −0.316667
 −0.2166
67
 −0.1166
67
 −0.0166
67
 0.28333
3
 0.38333
3 

 
 

 
 
 
 

−0.316667 

𝖥−0.216667 
I−0.116667 

 
 
 
 

−0.2 
−0.3 
−0.1 

 
 
 
 

0.1 
−0.1 
−0.1I

= [−0.200000 
6 0.1 

−0.300000 
−0.1 

−0.100000 
−0.1 

0.00000 
−0.1 

0.400000 
0 

0.200000 
0.2 

]*I I I−0.016667 0 −0.1
I 0.283333 0.4 0  I

 
0.07766667 0.066 0.016 

L 0.383333 0.2 0.2   



 

A=[ 0.066 0.068 0.012] 

0.016 0.012 0.016
 

3. Calculate eigenvalues and eigen vectors 
 

An eigenvector is a nonzero vector that changes at most by a scalar factor when that linear transformation is applied to it. 

The corresponding eigenvalue is the factor by which the eigenvector is scaled. 

Let A be a square matrix (in our case the covariance matrix), ν a vector and λ a scalar that satisfies Aν = λν, then λ is 

called eigenvalue associated with eigenvector ν of A. 

Rearranging the above equation, 

 
Aν-λν =0 

 
(A-λI)ν = 0 

 

Since we have already know ν is a non- zero vector, only way this equation can be equal to zero, if



 

det(A-λI) = 0 

0.07766667 − 𝜆 0.066 0.016
| 0.066 0.068 − 𝜆 0.012 

0.016 0.012 0.016 − 𝜆 
| = 0

by solving this determinant, we get 3 eigen values as 

𝜆 = 0.14214674, 0.00602483, 0.0134951 

Since we have 3 eigen values, we will have 3 eigen vectors. We have matrix A of order 3x3, each eigen vector will be of 3 

values.

0.07766667 − 𝜆
 0.06
6
 0.01
6 

[ 0.066 0.068 

− 𝜆 0.012 

0.016
 0.01
2
 0.01
6 − 𝜆 

𝑥1 
] * [𝑥2] = 0 

𝑥3

Substitute values of 𝜆 one by one and 

find the eigen vectors. For 𝜆 = 

0.14214674 

0.07766667 − 
0.14214674 0.066
 0.016 

[ 0.066 0.068 − 

0.14214674 0.012 

0.016 0.012
 0.016 − 
0.14214674 

 
 

𝑥1 
] * [𝑥2] = 0 

𝑥3

−0.06448007 0.066 0.016 
[ 0.066 −0.07414674 0.012 

0.016 0.012 −0.12614674 

𝑥1 
] * [𝑥2] = 0 

𝑥3

−0.06448007𝑥1 + 0.066𝑥2 + 0.016𝑥3 = 0 

0.066x1-0.07414674x2+0.012x3=0 

Using Cramer’s rule,

𝑥1 
 

 

│ 0.066 0.016│ 
−0.07414674 0.012 

= −𝑥2 

│−0.06448007 0.016│ 
0.066 0.012 

= 𝑥3 

│−0.06448007 0.066 
0.066
 −0.0741
4674 

 
= 𝑘



 

𝑥1 0.001978 

𝑥1 
= −𝑥2 

−0.00182976 

0.001978𝑘 

= 𝑥3 
0.00042498 

= 𝑘

[𝑥2] = [ 0.00182976 𝑘] 

𝑥3 0.00042498𝑘 

It is simplified by dividing all the values by highest common factor and we get, 

𝑥1 0.72517574 
[𝑥2] = [0.67071026] 

𝑥3 0.15578156 

In the same way, we get the eigen vectors for other two eigen values also. 

In Python, linalg.eig returns a tuple (w,v) where w is the list of eigen values and v is the list of eigen vectors corresponsing 

to each eigen value. For each eigen value w[i], we have an eigen vectors as a column v[:,i] 

4. Sort eigenvalues and their corresponding eigenvectors. 
 

Since eigenvalues are already sorted in this case so no need to sort them again.



 

I 

 

I 

 

Eigenvalues sorted [0.14214674 0.0134951 0.00602483] 
 

Eigenvectors sorted 
 

[[ 0.72517574 0.08816789 0.68289573] 
 

[ 0.67071026 -0.31482717 -0.67158886] 
 

[ 0.15578156 0.94504512 -0.28744013]] 

5. Pick k eigenvalues and form a matrix of eigenvectors 
 

We choose the top 2 eigenvectors [[ 

0.72517574 0.08816789] 

[ 0.67071026 -0.31482717] 
 

[ 0.15578156 0.94504512]] 

6. Transform the original matrix. 
Feature matrix * top k eigenvectors = Transformed Data New 

data = standardized data * top 2 eigen vectors

−0.316667 
𝖥−0.216667 

−0.2 
−0.3 

0.1 1 
−0.1I  

0.72517574
 0.088167
89

=I−0.116667 −0.1 −0.1I * [ 0.67071026
 −0.314827
17]

I−0.016667 0 −0.1I 0.15578156 0.94504512

I 0.283333 0.4 0 I 

L 0.383333 0.2 0.2    

elegance comfort power eigenvector1 eigenvector2 

−0.34820288 
𝖥−0.37391264 

=I−0.16725302 I−0.02766442 
I 0.47375056 
L 0.4432824 

0.12955011 1 
−0.0191594 I 

−0.07330805I 
−0.09597398I 
−0.10094997I 

0.15984128   

pc1 pc2 
 

7. Plotting new data 
 

Now we have multi-dimensional data converted into 2D data so we can easily visualize this type of data. 
 

PYTHON PROGRAM 

import numpy as np 



 

import matplotlib.pyplot as plt 

#define the dataset 

X=[[0.1,0.2,0.5], 

[0.2,0.1,0.3], 

[0.3,0.3,0.3], 

[0.4,0.4,0.3],



 

[0.7,0.8,0.4], 

[0.8,0.6,0.6]] 

 
 

#Step-1- We standardize data to bring all values in the range (-1,1), we dont ned to divide here by std. deviation 

print("Mean of each column is") 

print(np.mean(X, axis=0)) 

 
 

X_standard = (X - np.mean(X , axis = 0)) 

print("Standardized data=",X_standard) 

 
#Step-2 

cov_mat = np.cov(X_standard , rowvar = False) 

print("Covariance Matrix=",cov_mat) 

#Step-3 

eigen_values , eigen_vectors = np.linalg.eig(cov_mat) 

 
 

#Step-4 

sorted_index = np.argsort(eigen_values)[::-1] 

sorted_eigenvalue = eigen_values[sorted_index] 

print("Eigenvalues sorted") 

print(sorted_eigenvalue) 

sorted_eigenvectors = eigen_vectors[:,sorted_index] 

print("Eigenvectors sorted") print(sorted_eigenvectors) 

#Step-5 

eigenvector_subset = sorted_eigenvectors[:,0:2] 

print("Top 2 Eigen vectors") 

print(eigenvector_subset) 

 
#Step-6 

X_reduced = np.dot(X_standard,eigenvector_subset) print("New 

transformed data with two columns pc1 and pc2") 

print(X_reduced) 

#Plot the reduced data 

for pc1, pc2, lab, col in zip(X_reduced.transpose()[0],X_reduced.transpose()[1],('A', 'B', 'C', 'D', 'E', 'F'), 

('blue', 'red', 'green', 'orange', 'purple', 'brown')): 

plt.scatter(pc1,pc2,c=col) 

plt.annotate(lab,(pc1,pc2)) 

plt.xlabel("Principal Component 1")



 

plt.ylabel("Principal Component 2") 

plt.show() 



 

 
 

The main result is reflected in the graph of scores of the above figure, where we have represented the observations or 

brands in the axes formed by the first two principal components (Principal Component 1 & Principal Component 2). 

Remember that the principal components are artificial variables that were obtained as linear combinations from the 

characteristics considered in the study, so that each brand (individuals) takes a value in this new space that consists of a 

projection of the original variables. 

In order to interpret the results, we can do the following analysis: 

If we plot the original data, we come to know that Principal component 1 describes elegance and comfort and principal 

component 2 describes power of the car brand. 

Now, we check every point individually. 

Point F is having positive values for both PC1 & PC2 that means brand F is characterized by all three high power, elegance and 

comfort. 

Point A has positive value for PC2 but not for PC1. Therefore we can say that brand A is characterized by high power by not 

by elegance or comfort. 

This way we can analyze all points and conclude that brand F is the best one.



 

0 

 
 

Tutorial No. 6 
 

Aim: Study applications of Laplace Transform in real life and finding Laplace Transform of basic functions using Python 

programming 
 

Theory: 
 

The Laplace transform is a way to turn complex equations or functions into other simpler equations or functions in 

order to do certain calculations more easily. 

 

Functions usually take a variable (say t) as an input, and give some output (say f). The Laplace transform converts 

these functions to take some other input (s) and give some other output (F). Because of certain shared properties of 

Laplace transforms, this makes it very easy to manipulate the original function into something useful.  

The Laplace transform of a function (𝑡) , written as 𝐿{ƒ(𝑡)} or 𝐹(𝑠), is often formulated as: 

 

 

where: 

𝐹(𝑠) = ∫∞ ƒ(𝑡) 𝑒−𝑠𝑡𝑑𝑡

 

● f(t) is the input function 

● t is the old domain 

● s is the new domain 

The purpose of the Laplace Transform is to transform ordinary differential equations (ODEs) into algebraic 

equations, which makes it easier to solve ODEs. 

 

Applications of Laplace Transform: 

 
1. Analysis of electronic circuits: Laplace Transform is widely used by electronic engineers to solve quickly 

differential equations occurring in the analysis of electronic circuits. 

 

2. System modeling: Laplace Transform is used to simplify calculations in system modeling, where large number 

of differential equations are used.
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3. Digital signal processing: One cannot imagine solving digital signal processing problems without employing 

Laplace Transform. 

 

4. Nuclear Physics: In order to get the true form of radioactive decay a Laplace Transform is used. It makes easy 

to study analytic part of Nuclear physics possible. 

 

5. Process Control: Laplace Transform is used for process controls. It helps to analyze the variables which when 

altered, produce desired manipulations in the result. 

 

Use of Programming in solving Laplace Transforms: 

 
Python is a programming environment that is interactive and is used in scientific computing. It is extensively used 

in a lot of technical fields where problem-solving, data analysis, algorithm development, and experimentation is 

required. The software which is discipline-specific is extensively written using Python. 

 

In modeling many physical processes are described by differential or partial differential equations, solutions can be 

obtained using Laplace transforms. Solving inverse Laplace Transforms manually becomes a difficult task so we 

can utilize the programming capabilities available in Python. 

 

sympy.integrals.transforms.laplace_transform() in python 

 
With the help of laplace_transform() method, we can compute the Laplace transformation F(s) of f(t). 

 
Syntax : laplace_transform(f, t, s) 

 
where f is the function for which we want to find the Laplace Transform, t is the input variable and s is the output 

variable. We can use any alphabet in place of input/output variable. 

 

Return : Return the Laplace transformation and convergence condition in the following form- 

 
(F,a,cond) where F is the Laplace Transform of the given function f, Re(s)>a is the half plane of convergence and 

cond is the auxiliary convergence conditions. 

 

If you want only Laplace Transform, use noconds=True in laplace_tranform function as- 

laplace_transform(f, t, s, noconds) 

Laplace Transform of Basic Functions- 

 
1. L{k}, k is any arbitrary constant 

 



 

# import laplace_transform from sympy.integrals module



 

from sympy.integrals import laplace_transform #import 

alphabetic symbols from sympy.abc module from 

sympy.abc import t, s, k 

# Using laplace_transform() method to find Laplace Transform of k lt 

= laplace_transform(k, t, s) 

print(“Laplace Transform of k=”,lt) 

 
2. L{k}, k is any arbitrary constant 

 
# import laplace_transform from sympy.integrals module 

from sympy.integrals import laplace_transform 

#import alphabetic symbols from sympy.abc module 

from sympy.abc import t, s, k 

# Using laplace_transform() method to find only Laplace Transform of k lt 

= laplace_transform(k, t, s, noconds=True) 

print("Laplace Transform of k=",lt) 

 
3. L{𝑡𝑛}, n is any arbitrary integer or fraction 

 
# import laplace_transform from sympy.integrals module 

from sympy.integrals import laplace_transform 

#import alphabetic symbols from sympy.abc module 

from sympy.abc import t, s, n 

# Using laplace_transform() 

lt = laplace_transform(t**n, t, s, noconds=True) 

print("Laplace Transform of t**n=",lt) 

 

4. L{𝑒𝑎𝑡}, a is any arbitrary integer constant 

 
import sympy 

# import laplace_transform from sympy.integrals module 

from sympy.integrals import laplace_transform 

#import alphabetic symbols from sympy.abc module 

from sympy.abc import t, s, a 

# Using laplace_transform() 

lt = laplace_transform(sympy.exp(a*t), t, s, noconds=True) 

print("Laplace Transform of e**(a*t)=",lt)



 

5. L{sin at}, a is any arbitrary integer constant 

 
#import sympy module 

import sympy 

# import laplace_transform from sympy.integrals module 

from sympy.integrals import laplace_transform 

from sympy import exp 

#import alphabetic symbols from sympy.abc module 

from sympy.abc import t, s, a 

# Using laplace_transform() 

lt = laplace_transform(sympy.sin(a*t), t, s, noconds=True) 

print("Laplace Transform of sin(at)=",lt) 

 

6. L{cos at}, a is any arbitrary integer constant 

 
#import sympy module 

import sympy 

# import laplace_transform from sympy.integrals module 

from sympy.integrals import laplace_transform 

from sympy import exp 

#import alphabetic symbols from sympy.abc module 

from sympy.abc import t, s, a 

# Using laplace_transform() 

lt = laplace_transform(sympy.cos(a*t), t, s, noconds=True) 

print("Laplace Transform of cos(at)=",lt) 

 

7. L{cosh at}, a is any arbitrary integer constant 

 
#import sympy module 

import sympy 

# import laplace_transform from sympy.integrals module 

from sympy.integrals import laplace_transform 

from sympy import exp 

#import alphabetic symbols from sympy.abc module 

from sympy.abc import t, s, a 

# Using laplace_transform() 

lt = laplace_transform(sympy.cosh(a*t).rewrite(sympy.exp), t, s, noconds=True) 



 

print("Laplace Transform of cosh(at)=",lt)



 

8. L{sinh at}, a is any arbitrary integer constant 

 
#import sympy module 

import sympy 

# import laplace_transform from sympy.integrals module 

from sympy.integrals import laplace_transform 

from sympy import exp 

#import alphabetic symbols from sympy.abc module 

from sympy.abc import t, s, a 

# Using laplace_transform() 

lt = laplace_transform(sympy.sinh(a*t).rewrite(sympy.exp), t, s, noconds=True) 

print("Laplace Transform of sinh(at)=",lt) 

 

9. L{sin 2t. sin 3t}, a is any arbitrary integer constant 

 
#import sympy module 

import sympy 

# import laplace_transform from sympy.integrals module 

from sympy.integrals import laplace_transform 

from sympy import exp 

#import alphabetic symbols from sympy.abc module 

from sympy.abc import t, s, a 

# Using laplace_transform() 

lt = laplace_transform(sympy.sin(2*t)*sympy.sin(3*t),t,s,noconds=True) 

print("Laplace Transform of sin 2t * sin 3t=",lt) 

 

10. L{e-t. sin 3t}, a is any arbitrary integer constant 

 
#import sympy module 

import sympy 

# import laplace_transform from sympy.integrals module 

from sympy.integrals import laplace_transform 

from sympy import exp 

#import alphabetic symbols from sympy.abc module 

from sympy.abc import t, s, a 

# Using laplace_transform() 

lt = laplace_transform(sympy.exp(-t)*t*sympy.sin(3*t), t, s, noconds=True) 



 

print("Laplace Transform of e-t. sin 3t =",lt)



 

 
 

Tutorial No. 7 
 

Aim: Find Inverse Laplace transform of functions and use Laplace Transform to solve differential equations using 

Laplace Transform 
 

Theory: 
 

Applications of Laplace Transform: 

 
1. Analysis of electronic circuits: Laplace Transform is widely used by electronic engineers to solve quickly 

differential equations occurring in the analysis of electronic circuits. 

 

2. System modeling: Laplace Transform is used to simplify calculations in system modeling, where large 

numbers of differential equations are used. 

 

3. Digital signal processing: One cannot imagine solving digital signal processing problems without employing 

Laplace Transform. 

 

4. Nuclear Physics: In order to get the true form of radioactive decay a Laplace Transform is used. It makes easy 

to study analytic part of Nuclear physics possible. 

 

5. Process Control: Laplace Transform is used for process controls. It helps to analyze the variables which when 

altered, produce desired manipulations in the result. 

 

Use of Programming in solving Laplace Transforms: 

 
Python is a programming environment that is interactive and is used in scientific computing. It is extensively used 

in a lot of technical fields where problem-solving, data analysis, algorithm development, and experimentation is 

required. The software which is discipline-specific is extensively written using Python. 

 

In modeling many physical processes are described by differential or partial differential equations, solutions can be 

obtained using Laplace transforms. Solving inverse Laplace Transforms manually becomes a difficult task so we 

can utilize the programming capabilities available in Python.

  
MGM University 

Jawaharlal Nehru Engineering College, 

Course Name: Linear Algebra & 

Transformations 

Class: S.Y. B.Tech. 

(CSE) 



 

Inverse Laplace Transform 

 
To find Laplace Transform from a function f(t) is not difficult using table of L. T. of elementary functions.  

 
Given a Laplace Trasnform F(s) and we are asked to find the original function from it. Here, we have to find the 

Inverse Laplace Transform F(s) and we have to find f(t) using the notation. 

 

ƒ(𝑡) = 𝐿−1{𝐹(𝑠)} 

Example: 

 

𝐹i𝑛𝑑 𝐿−1{ 
 

 

 
 

( )} 

 
( ) 6 

 
 

 
1 + 4 

𝐹 𝑠 , iƒ 𝐹  𝑠 
= 𝑠 − 𝑠 − 8 𝑠 − 3

Solution: 

 
ƒ(𝑡) = 𝐿−1{𝐹(𝑠)} 

 

( ) −1   6 1 4 
  ƒ 𝑡 = 𝐿 {𝑠 − 𝑠 − 8 + 𝑠 − 3}

( ) −1   
1 

 
  

−1 
1 

 
  

−1 
1 

 
 

ƒ 𝑡 = 6. 𝐿 {𝑠} −𝐿 {𝑠 − 8} +4. 𝐿 
{𝑠 − 3}

ƒ(𝑡) = 6 − 𝑒8𝑡 + 4𝑒3𝑡 

 
Same can be accomplished using sympy module of Python. 

 
sympy.integrals.inverse_laplace_transform() in python 

 
With the help of inverse_laplace_transform() method, we can compute the inverse of laplace transformation of F(s).  

Syntax : inverse_laplace_transform(F, s, t) 

wheree F is the Laplace Trasnform F(s), 

s is the input variable, t is 

the output variable 

Return : Return the unevaluated transformation function. 

Example: 

# import inverse_laplace_transform 



 

from sympy.integrals.transforms import inverse_laplace_transform 

from sympy import exp, Symbol 

from sympy.abc import s, t



 

# Using inverse_laplace_transform() method 

f1=6/s 

f2=-1/(s-8) 

f3=+4/(s-3) 

ilt1 = inverse_laplace_transform(f1, s, t) ilt2 

= inverse_laplace_transform(f2, s, t) ilt3 = 

inverse_laplace_transform(f3, s, t) 

print("Inverse Laplace Trasnform of ",f1+f2+f3,"=",ilt1+ilt2+ilt3) 

Output: 

 

Solving differential equations with Initial Values using Laplace Transform and sympy in 

Python 

Laplace transforms can be used as an alternative to the methods for solving initial value problems for linear 

differential equations with constant coefficients that were considered previously. The basic idea of using Laplace 

transform is to apply transformation L to both sides of a differential equation, thus converting the differential 

equation into an algebraic equation. Then, the algebraic equation is solved for the transform of the unknown 

function, and the inverse transform L−1 is applied to both sides of the solved equation, thus yielding the solution to 

the differential equation. 

Schematically, this process can be illustrated starting with, for example, a second order linear differential equation 

with constant coefficients, as follows. 

𝑎𝑦′′ + 𝑏𝑦′ + 𝑐𝑦 = ƒ(𝑡) 

Apply Laplace Transform L on both sides, 

𝐿{𝑎𝑦′′ + 𝑏𝑦′ + 𝑐𝑦} = 𝐿{ƒ(𝑡)}

Solve for L{y},  

𝑎. [𝑠2𝐿{𝑦} − 𝑠. 𝑦(0) − 𝑦′(0)] + 𝑏. [𝑠𝐿{𝑦} − 𝑦(0)] + 
𝑐. 𝐿{𝑦} = 𝐹(𝑠)

After substituting the value of f(0), f’(0), we will get the equation for L{y} as- 

𝐿{𝑦} = 𝐹(𝑠) 

𝐺(𝑠) 

We can find the solution of differential equation i.e. y by finding Inverse Laplace Transform of above equation-

 

 Example: 

Consider the initial value problem- 



 

𝑦(𝑡) = 𝐿−1 {𝐹(𝑠)} 

𝐺(𝑠)



 

𝑦′′ + 5𝑦′ + 6𝑦 = 𝑠i𝑛2𝑡, 𝑦(0) = −1, 𝑦′(0) = 2 

 

𝐿{𝑦′′ + 5𝑦′ + 6𝑦} = 𝐿{𝑠i𝑛2𝑡} 

[𝑠2𝐿{𝑦} − 𝑠. 𝑦(0) − 𝑦′(0)] + 5. [𝑠𝐿{𝑦} − 𝑦(0)] + 6. 𝐿{𝑦} = 2 

𝑠2 + 4 

We can directly enter this equation in Python code and find the solution. 

#Python code to solve a second order differential equation IVP using Laplace Transform & sympy 

from sympy.integrals.transforms import laplace_transform 

from sympy.integrals.transforms import inverse_laplace_transform 

from sympy import * 

import sympy as sm 

from sympy.abc import s,t,y 

 
 

#declare y symbol to be used as function y 

= symbols('y', cls = Function) 

 
y0=-1 

ydash0=2 

f=laplace_transform(sm.sin(2*t), t, s,noconds=True) 

#create equation for Laplace transform of y(t) 

eom=Eq((s**2 * y(s)-s*y0-ydash0)+5 * (s*y(s)-y0)+ 6 * y(s), f) 

print("Equation is") 

print(eom) 

#solve the equation for y(s) 

yofs = solve(eom,y(s)) 

print("y(s)=",yofs[0]) 

#find inverse of yofs to find the solution of differential equation 

print("Finding inverse Laplace Transform...please wait…") 

y=inverse_laplace_transform(yofs[0],s,t) 

print("y=",y) 

OUTPUT:



 



 

 
 

Tutorial No. 8 
 

Aim: Understand and implement Fourier Transforms and its applications in Engineering 
 

Theory: 
 

Fourier Transform: 
 

Virtually everything in the world can be described via a waveform - a function of time, space or some other variable. 

For instance, sound waves, electromagnetic fields, the elevation of a hill versus location, the price of your favorite 

stock versus time, etc all can be represented using waveforms. The Fourier Transform gives us a unique and 

powerful way of viewing these waveforms. All waveforms present (visible or not) in the universe, are actually just 

the sum of simple sinusoidal waves (sine & cosine components) of different frequencies. 

 

Fourier analysis is a field that studies how a mathematical function can be decomposed into a series of simpler 

trigonometric functions. The Fourier transform is a tool from this field for decomposing a function into its 

component frequencies.Simply, the Fourier transform is a tool that allows you to take a signal and see the power of 

each frequency in it. Take a look at the important terms in that sentence: 

 

● A signal is information that changes over time. For example, audio, video, and voltage traces are all 

examples of signals. 

● A frequency is the speed at which something repeats. For example, clocks tick at a frequency of one hertz 

(Hz), or one repetition per second. 

● Power, in this case, just means the strength of each frequency. 

The following image is a visual demonstration of frequency and power on some sine waves: 
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The peaks of the high-frequency sine wave are closer together than those of the low-frequency sine wave since they 

repeat more frequently. The low-power sine wave has smaller peaks than the other two sine waves. 

 

To make this more concrete, imagine you used the Fourier transform on a recording of someone playing three notes 

on the piano at the same time. The resulting frequency spectrum would show three peaks, one for each of the notes. 

If the person played one note more softly than the others, then the power of that note’s frequency would be lower 

than the other two. 

 

Here’s what that piano example would look like visually: 
 

 
The highest note on the piano was played quieter than the other two notes, so the resulting frequency spectrum for 

that note has a lower peak. 
 

Need of Fourier Transform: 
 

The Fourier transform is useful in many applications. For example, music identification services use the Fourier 

transform to identify songs. JPEG compression uses a variant of the Fourier transform to remove the high-frequency 

components of images. Speech recognition uses the Fourier transform and related transforms to recover the spoken 

words from raw audio. 

 

In general, you need the Fourier transform if you need to look at the frequencies in a signal. If working with a signal 

in the time domain is difficult, then using the Fourier transform to move it into the frequency domain is helpful. 

 

Time Domain vs Frequency Domain: 

 

In the time domain, a signal is a wave that varies in amplitude (y-axis) over time (x-axis). 

Example:



 

In the frequency domain, a signal is represented as a series of frequencies (x-axis) that each have an associated 

power (y-axis). 

 

Example: 

 

 

Types of Fourier Transforms 

 
The Fourier transform can be subdivided into different types of transform. The most basic subdivision is based on 

the kind of data the transform operates on: continuous functions or discrete functions. 

 

You’ll often see the terms DFT and FFT used interchangeably. However, they aren’t quite the same thing. The fast 

Fourier transform (FFT) is an algorithm for computing the discrete Fourier transform (DFT), whereas the DFT is 

the transform itself. 

 

Two other transforms are closely related to the DFT: the discrete cosine transform (DCT) and the discrete sine 

transform (DST). 

 

Applications of Fourier Transform: 

 
Some applications of Fourier Transform include 

 
1) Communication: Fourier Transform is essential to understand how a signal behaves when it passes through filters , 

amplifiers and communication channels. 

 

2) Image processing: Transformation, representation, encoding, smoothing and sharpening images. Fourier Transform is an 

important image processing tool which is used to decompose an image into its sine and cosine components. Fourier Transform 

has been widely applied to the fields of image analysis. We can apply various filters on the images to make them clear or blur 

or enhance the background or foreground using Fourier transforms. 

 

3) Data analysis: Fourier transform can be used as high – pass, low-pass, and band-pass filters and it can also be applied to 

signal and noise estimation by encoding the time series. 

 

4) Cell phones: Every mobile device –net book, notebook, tablet, and phone have been built in high speed cellular data 



 

connection, just like Fourier Transform. Sine and cosine are keys to the success of Fourier Transform because sound



 

may be represented by a complex combination of their waves. Humans very easily perform Fourier transform mechanically 

every day. For example, when you are in room with a great deal of noise and you selectively hear your name above the 

noise, you have just performed Fourier transform. 

 

5) Telecommunication: Fourier transform has greatly improved the way we are sending/collecting data. Mp3 file 

format uses transform. Transforms are used in file compression: for instance cosine transform is also used in jpeg 

file compression. There are numerous applications in telecoms. 

 

6) Medicine – imaging and MRI/CT: MRI is using Fourier transform to obtain an image from the device 

measurements. Note that there are two possible ways of storing image: the first one – color based, that we are used 

to and the second one – using spectrum. You can switch between them using Fourier transform. This is important 

in image processing. 

 

Practical Example: Remove Unwanted Noise from Audio 

 
To help build your understanding of the Fourier transform, first, we will create an audio signal with a high pitched 

buzz in it, and then we will remove the buzz using the Fourier transform. 

 

Steps- 

 
1. Create a pure audio signal. 

2. Create a high-pitch noise signal. 

3. Mix the two signals. 

4. Normalize the final mixed audio signal. 

5. Remove the high-pitch tone from the audio signal using FFT (Fast Fourier Transform)  

1. Calculate the frequencies in the signal using FFT 

2. Plot the frequencies. 

3. Filter the signal to remove unwanted frequencies 

4. Apply inverse FFT to get the original pure signal waveform. 

 
Program using Scipy.fft 

 
import scipy, matplotlib 

import numpy as np 

from matplotlib import pyplot as plt 

from scipy.io.wavfile import write 

 



 

SAMPLE_RATE = 44100 # Hertz 

DURATION = 5 # Seconds



 

def generate_sine_wave(freq, sample_rate, duration): 

x = np.linspace(0, duration, sample_rate * duration, endpoint=False) 

frequencies = x * freq 

# 2pi because np.sin takes radians 

y = np.sin((2 * np.pi) * frequencies) 

return x, y 

 
# Generate a 2 hertz sine wave that lasts for 5 seconds 

x, y = generate_sine_wave(2, SAMPLE_RATE, DURATION) 

plt.plot(x, y) 

plt.show() 

 
 

#Create original signal as nice tone 

x, nice_tone = generate_sine_wave(400, SAMPLE_RATE, DURATION) 

 
 

#Creating noise signal 

x, noise_tone = generate_sine_wave(4000, SAMPLE_RATE, DURATION) 

noise_tone = noise_tone * 0.3 

 
#mixing signals 

mixed_tone = nice_tone + noise_tone 

 
 

#Normalize the mixed tone to scla ethe signal fit into the target integer 

#format of 16 bit (range -32768 to 32767) 

#The signal looks like a distorted sine wave. 

#The sine wave you see is the 400 Hz tone you generated, #and 

the distortion is the 4000 Hz tone. If you look closely, #then you 

can see the distortion has the shape of a sine wave. 

normalized_tone = np.int16((mixed_tone / mixed_tone.max()) * 32767) 

plt.plot(normalized_tone[:1000]) 

plt.show() 

 
 

#to listen to audio, save it as .wav file 

# Remember SAMPLE_RATE = 44100 Hz is our playback rate 



 

write("mysinewave.wav", SAMPLE_RATE, normalized_tone)



 

#Use FFT to calculate frequency spectrum of the signal generated from 

scipy.fft import rfft, rfftfreq 

 
# Number of samples in normalized_tone N 

= SAMPLE_RATE * DURATION 

 
# Note the extra 'r' at the front yf 

= rfft(normalized_tone) 

xf = rfftfreq(N, 1 / SAMPLE_RATE) 

 
 

plt.plot(xf, np.abs(yf)) 

plt.show() 

 
#filter the signal 

# The maximum frequency is half the sample rate 

points_per_freq = len(xf) / (SAMPLE_RATE / 2) 

 
# Our target frequency is 4000 Hz target_idx 

= int(points_per_freq * 4000) 

 
yf[target_idx - 1 : target_idx + 2] = 0 

 
 

plt.plot(xf, np.abs(yf)) 

plt.show() 

 
#Applying the Inverse FFT 

from scipy.fft import irfft 

 
new_sig = irfft(yf) 

 
 

plt.plot(new_sig[:1000]) 

plt.show() 

#saving the filtered sound wave 

norm_new_sig = np.int16(new_sig * (32767 / new_sig.max())) 



 

write("clean.wav", SAMPLE_RATE, norm_new_sig)



 

OUTPUT: 

 
Original Signal 

 
 

 
Normalized mixed signal 

 



 

Frequencies in the mixed signal calculated using FFT 
 
 

 
Filtering the signal to remove unwanted frequencies 

 



 

Original signal after applying inverse FFT 
 



 

 
 

Tutorial No. 9 
 

Aim: Understand and implement de-noising of an image using Fourier Transforms 
 

Theory: 
 

What is Image De-noising? 

It is a process to reserve the details of an image while removing the random noise from the image as far as possible. 

We classify the image de-noising filters into 2 broad categories - 

1). Traditional Filters - Filters which are traditionally used to remove noise from images. These filters are further 

divided into spatial domain filters and Transform domain filters. 

2). Fuzzy based Filters - Filters which include the concept of fuzzy logic in their filtering procedure. 

 
Spatial Frequency Filter- 

Spatial-frequency filtering refers use of low pass filters using Fast Fourier Transform (FFT). Here, we predefine a 

cut-off frequency and this filter passes all the frequencies lower than and attenuates (removes) all the frequencies 

greater than cut-off frequency. 

 

The reason for doing the filtering in the frequency domain is generally because it is computationally faster to perform 

2D Fourier transforms and a filter multiplication than to perform a convolution in the image (spatial) domain.  

 

Removing Noise from an Image using Fourier Transform: 

The Fourier Transform of an 1D signal x of length n is the following: 
 

 

The idea is to represent the signal in the complex space. It is roughly a sum of sinusoidal functions. And there is 

one coefficient per frequency present in the signal. 

 

Denoising algorithm 

The denoising steps are the following: 

 
● Apply the fft to the signal
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● Compute the frequencies associated with each coefficient 

● Keep only the coefficients which have a low enough frequency (in absolute) 

● Compute the inverse fft 

 
#PYTHON PROGRAM TO DENOISE AN IMAGE USING FOURIER TRANSFORM 

 
# Read and plot the image 

import numpy as np 

import matplotlib.pyplot as plt 

 
im = plt.imread('moonlanding.png').astype(float) 

plt.figure() 

plt.imshow(im, plt.cm.gray) 

plt.title('Original image') 

# Compute the 2d FFT of the input image 

from scipy import fftpack 

im_fft = fftpack.fft2(im) # 

Show the results 

def plot_spectrum(im_fft): 

 
from matplotlib.colors import LogNorm # 

A logarithmic colormap 

plt.imshow(np.abs(im_fft), norm=LogNorm(vmin=5)) 

plt.colorbar() 

plt.figure() 

plot_spectrum(im_fft)



 

plt.title('Fourier transform') # 

Filter in FFT 

# In the lines following, we'll make a copy of the original spectrum and # 

truncate coefficients. 

# Define threshold as the fraction of coefficients (in each direction) we keep 

keep_fraction = 0.1 

# Call ff a copy of the original transform. Numpy arrays have a copy # 

method for this purpose. 

im_fft2 = im_fft.copy() 

 
# Set r and c to be the number of rows and columns of the array. r, 

c = im_fft2.shape 

# Set to zero all rows with indices between r*keep_fraction and # 

r*(1-keep_fraction): 

im_fft2[int(r*keep_fraction):int(r*(1-keep_fraction))] = 0 # 

Similarly with the columns: 

im_fft2[:, int(c*keep_fraction):int(c*(1-keep_fraction))] = 0 

plt.figure() 

plot_spectrum(im_fft2) 

plt.title('Filtered Spectrum') # 

Reconstruct the final image 

# Reconstruct the denoised image from the filtered spectrum, keep only the 



 

 
# Find inverse fourier transform



 

# real part for display. 

 
im_new = fftpack.ifft2(im_fft2).real 

plt.figure() 

plt.imshow(im_new, plt.cm.gray) 

plt.title('Reconstructed Image') 

plt.show() 

OUTPUT: 
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